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ABSTRACT 

Let I be a finite interval and r E N. Denote by A~_Lq the subset of all 

functions y E Lq such that  the s-difference ASy(.) is nonnegative on I ,  
8 r VT > 0. ~ r t h e r ,  denote by A+W~ the class of functions x on I with the 

seminorm [Ix(r)liLp _~ 1, such that  ASrx > 0, T > 0. For s = 3 , . . .  , r +  1, 

we obtain two-sided estimates of the shape preserving widths 

dn (A~_W~, A~_Lq)Lq := inf sup inf [Ix -- Y[[Lq, 
Mne.A4n xEA~.W~ yEMnNAS+ Lq 

where .h~l n is the set of all linear manifolds M n in Lq, dim M n <_ n, such 

that  M n M A f~ Lq ~ 0. 
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1. I n t r o d u c t i o n  a n d  s t a t e m e n t  of  t h e  m a i n  r e s u l t s  

Let X be a real linear space of vectors x with a norm [[xilx, W C X,  W r 

and V C X,  V r 0. Let L n be a subspace in X of dimension d imL n < n, n > 0 

and M n = Mn(z)  := z + L n be a shift of the subspace L n by an arbi trary vector 

z E X.  If M n M V ~ 0, then we denote by 

E ( x , M  n CI V ) x  := inf [ I x -  Y[Ix 
yEMnf3V 

the best approximation of the vector x E X by M n fq V, and by 

E(W, M n rl V ) x  := sup E(x, M n n V )x  
xEW 

the deviation of the set W from M n N V. 

Let ~A ~ = A/In(X, V) be the set of all linear manifolds M n, d i m M  n _< n such 

that  M n M V r O. The quantity 

dn(W, V ) x  := inf E(W, Mn M V)x ,  n > O  
M n E M n  

is called the relative n-width of W with the constraint V in X.  These widths 

were introduced by the first author in [1]. 

Evidently, if V = X,  then the relative n-width dn(W, V ) x  coincides with the 

Kohnogorov n-width d~(W)x.  Clearly, d~(W, V ) x  >_ dn(W)x .  
Let 1 be a finite interval in R, and let r E N. We will take I = [ -1 ,  1] as 

the generic interval and we will omit referring to it in the notation whenever the 

interval we deal with i s / ;  for instance, we write It-Ilzp for It" IILp(z/. We will use 

other intervals and the whole real line R and we will make clear in the notation 

whenever we deal with them. For 1 < p < oc, we denote 

W; :..~- W;( I )  :~-- {x:  I ~ R I x(r-1) E ACtoc(I), IIx(r)llLp ___ 1}, 

where ACtoc(I) is the collection of all functions defined on I which are absolutely 

continuous in every closed subinterval of ( -1 ,  1). Let 

A ~ x ( t ) : = Z ( - - 1 ) s - k  kS x(t+k7-), { t , t + s 7 } C I ,  s = O , I , . . . ,  
k=0 

8 ?" be the s-th difference of the function x, with step 7- > 0, and denote byA+W~ = 

A~_Wp(I), s = 0, 1 . . . .  , the subclass of functions x E Wp for which A~x(t) _> 0, 

for all r > 0 such that  [t, t + s r ]  C I .  By A~+Lq = A~_Lq(I) we denote the subclass 

of all functions y E Lq(I) such that  A~y(t) > 0, 7- > 0. In recent years, shape 
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preserving approximation has become a central subject especially in applications. 

This is due to the fact that in CAGD and especially in questions of design, shape 

preservation is one of the main considerations. Our results below show what 

one may expect to achieve and what is beyond the reach of any approximation 

process which involves approximation from linear n-dimensional manifolds, when 

we preserve the shape of the approximants. 

In this paper we prove the following 

THEOREM: Let r E N, s E N and 1 < p, q ~_ co. For 3 < s < r, we have 

(1.1) dn (As+ W;, AS+Lq)Lq x n -r+s§ 

Also, i f s  = r + 1, r > 2, then 

n > r .  

(1.2) dn {Ar+l|/vr Ar+IT~ ~ \~4- ~ P ~ +  ~q]Lq ~ n-2 '  n _> r. 

Remarks: (i) Note that the asymptotic relations are independent of q. 

(ii) The upper bounds are achieved by piecewise polynomials of degree • r, 

with n knots, that are elements of A~_C s-2. For 3 < s < r, the knots are 

equidistant; however, if s = r + 1, r _> 2, then we are unable to guarantee that,  

and in our construction the knots are not equidistant. 

(iii) It is worthwhile noting that as a byproduct we may conclude that the lower 

bound in (1.1) with s = r > 3 excludes the possibility of Jackson-type estimates 

involving the fourth modulus of smoothness of x evaluated at 1/n, in s-monotone 

approximation of x, by piecewise polynomials or splines with n equidistant knots 

and thus also not by polynomials of degree < n. Moreover, it even excludes 

Jackson-type estimates involving the generally bigger Cn-3w(x  (3), n-1)p. 

Recall that  up until now we knew that  Shvedov [6] had shown that Jackson- 

type estimates of s-monotone approximation of an s-monotone x, by polynomials 

of degree _< n, cannot be had with Cws+2(x, n-1)p. Thus the above is somewhat 

unexpected in view of what seemed like a pattern that  we have Jackson-type 

estimates involving Cw2(x, n-X)p for monotone approximation, and by Shvedov 

[6], it is impossible to have such estimates with w3(x, n-1)p; and we have Jackson- 

type estimates for convex approximation involving w3(x, n-1)p, while again by 

Shvedov [6], it is impossible to have such estimates with wa(x, n-X)p. 

It is interesting to compare the above asymptotic relations with earlier results. 

Surprisingly, they are quite different. For instance, for s = 1, 2, these relations, 

in general, do depend on q as we have shown in [5], namely, 
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THEOREM KLI: Let s = 1,2, s _< r E N, and 1 <_ p,q  ~_ oo, be such tha t  

r - 1 /p  + 1/q > O. Then 

d~(A~+Wp,A~/q)Lq • n -r+(1/p-'lq>+, n >_ r. 

If, on the other hand, s = r + 1 = 2, then 

2 1 2 d n ( A + W p ,  A+Lq)Lq ~ n - i - i / q  , n ~_ 1. 

It  is also worthwhile to see what  kind of asymptot ic  relations are known for 

the unconstrained widths. In this case we have shown [3] 

THEOREM KL2: Let  r C N and 1 < p ,q  < oc be such tha t  r - l / p +  l l q  > O. If, 

(r ,p)  7~ (1, 1), and i f  (r ,p) = (1, 1) and 1 < q < 2, then for each s = O, 1 , . . . ,  r, 

dn(A~+ Wp)Lq ~ n -r+(max{ilp' l l2i-max{ilq' l l2})+, n >_ r. 

I/, on the other  hand, (r,p) = (1, 1) and 2 < q < oo, then for s = 0, 1, 

-�89 c a n  ~ dn(AS+W1)Lq <( c 2 n - i / 2 ( l o g ( n  -t- 1)) 3/2 , n ~ 1, 

where Cl > 0 and c2 do not  depend on n. Furthermore,  

dn(A  +r+l Wp)L  X n -r-max{1/q' l /2} , n ~ r. 

2. S o m e  auxi l iary  l e m m a s  

In order to prove our theorem, we need a few lemmas. The first was proved by 

the authors  in [5, Lemma 1]. 

LEMMA A: Let  J be a finite interval, and let {ti}i~l be a collection o f  r 6 N 

disjoint points  in J.  Set (51 :=  1 and 5~ :=  min{]ti - t j ] , i  ~ j }  for r > 1. Then  

for any function x such that  x (r) C L I ( J ) ,  

r---T---(IJl'~ ~ ( m a x  Ix(t~)l + I j r - i  IIx(")llL,(.s)). IlxllL~(,s) < 
(r - 1)! \ 5r  ] t (~- -~) !  - -  l ( i ( r  

A similar result was proved by the authors  in [4, Lemma 1]. 

LEMMA B: Let J = [a,b] and m E N, and set ti = tm,i :=  a + i m - l l J I ,  i = 

0 , . . . ,  m. Then for every function x such tha t  x"  E Loo(J),  

IIx IIL~(J) -< 2mlgl  - i  max Ix(ti)l + ~m -1 ' I IIIJ x"IIL~(.s). O<i<m 

Next we need a result concerning Jackson-type est imates of the simultane- 

ous approximat ion of 3-monotone function by 3-monotone quadrat ic  splines with 

equidistant knots (see [4]). 
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LEMMA C: Let  J = [a,b] and x E A~_W3(J), 1 <_ p <_ oo. For m C N, let 
ti -- tm,i :-- a -k im- l lJ I ,  i = 0 . . . . .  m. Then there exists a quadratic spline 
a2,m(x; ") with knots ti, i = 0, 1 , . . . ,  m, such tha t  

x"(t~_l) < ~ ' , .~ (x ; t )  < x"(t~),  t e ( t~_ l , t i ) ,  i = 1 . . . .  , m,  

and 
o 

I I x ( . ) -  ~: ,m(x;  ")IIL~(J) -< ~m-3+1/'lJI3-'/', 

]ix'( ' )-  a~,,~(x; ")llio~(g) <- 2 m-2+i/plg] 2-1/p, 

C rv! [x "~ll I I x " ( . )  - 2 , .~  ; - j , L ~ ( J )  ~ m-l+~lplJI ~-I/p. 
Next  we have 

LEMMA 1: Let J = [a,b] and x E Cs(J),  s E N. IfminLejlx(8)(t)I >_ A > 
O, then there exists a subinterval Js C_ J, of length [Js[ -- 4 -s [ J [ ,  such tha t  

mintEjs Ix(t)l > 2-s(~+I)IjI~A. 

1 Proof." Denote e := ~(a + b), and assume x(~-l)(c) >_ O. Then  from 

x(S-1)(t) ---- x(s--1)(C) q- x(S)(T)dT, t �9 J, 

it follows tha t  if x(S)(t) _> A, t �9 J ,  then x(~- l ) ( t )  > A ( t - c ) ,  t �9 [c,b]. Hence for 

J1 :---- [�89 b], which is of length IJI/4, we have x(8-1)(t) >_ 4-11JIA. If, on the 

other  hand, x(S)(t) <_ - A ,  t �9 J, then -x(~- l ) ( t )  <_ - A ( c -  t), t �9 [a,c]. Hence 

we have -x(~- l ) ( t )  <_ -4-11j IA,  in the interval J1 := [a, �89 + c)]. The  proof  is 

siinilar if x(S-1)(c) < O. Thus, in all cases we have established the existence of 

the interval J1, [Jll >- IJI/4, such tha t  [x(S-1)(t)l >_ 4-11JIA, t �9 Jl. Now the 

rest of the proof  readily follows by induction. | 

We apply Lemma 1 to prove 

l ts  t LEMMA 2: Fors ~ N, denotex~(t) := ~ +, �9 R, a n d / o r s  > l l e t ~  �9 CS[-a,a], 
a > O, be such that ~(~) is nondecreasing and 0 <_ ~(~) <_ 1 in [ - a ,  a]. Then, if 

(2.1) Ilx~ ~) -~(s)tlL~[_~,~] >_ A, 

where 0 < A <__ a, then 

( z2 )  IIx~ -~[[n~[-a,a] >- 2-s2-4S-3aS-lA2. 

Proof'. Denote 

~s(t):-= x s ( t ) - ~ ( t ) ,  t e [ - a , a ] .  



244 V.N.  KONOVALOV AND D. LEVIATAN Isr. J. Math. 

It is clear from our assumptions that 5!~-i) is decreasing and concave in [ -a ,  0], 

and it is increasing and concave in [0, hi. Assume first that 

max{5~'- l ) ( -a) ,  5~- i ) (a)}  _< 2 - 4 a - ' A  2. (2.3) 

Then by (2.1), 

A _< [15~')IIL,[_,~,,~I 
= _ o 5J')(t) dt + ~J')(t)dt 

a 

= 5(s-1)(-a) _ 25!'-i)(0) + (f~s-i)(a), 

which by virtue of (2.3) implies 

5~s-i)(0) ~_ - A / 2  + 2 - 4 a - l A  2. (2.4) 

If 
2 - 4 a - l A  , t �9 [ - a , - A / 2 ] ,  

G-~(t) :--- Itl - A/2 + 2 - 4 a - l A  2, t �9 [ -A/2 ,  A/2], 
2 - 4 a - i A  2, t �9 [A/2, a], 

then it follows by (2.4) that 5! '- i)(0) < ~s-l(0). Since 15!s)(t)t _< 1, and 

I~',_i(t)l = 1, t �9 [ -A/2 ,  A/2], t # O, we conclude that the graph of 5~,-1) 

in that interval is below that of ~,-1, i.e., 

(2.5) (~'-1)(t) < ~,- i ( t ) ,  t �9 [ -A/2 ,  A/21. 

Also since 5! "-1) is nonincreasing in [ - a , - A / 2 ]  and nondecreasing in [A/2, a], it 
follows from (2.3) that 

< G_l(t), 

which combined with (2.5) yields 

(2.6) 

Let 

t �9 [ -a , -A /21  U [A/2, a], 

5~s-i)(t) ~_ ~s-l(t),  t �9 [-a,a]. 

f0  t (~-2(t) := G_iO')dr, t �9 [-a,a]. 

Then it is an odd function, it is nondecreasing in [ - a , - A / 2  + 2-4a-lA2],  and 

it is nonicreasing in I - A / 2  + 2 - 4 a - l A  2, 0]. At tmax := - A / 2  + 2 - 4 a - i A  2 it has 

a local maximum and symmetrically, at train := A/2 - 2-4a-1A 2 it has a local 

minimum. It is easy to calculate that 

~s -2( -a )  = (2 -3 - 2-4)A 2, ~s-2(a) = - ( 2  -3 - 2-4)A 2. 
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~s-2(t) _> <s-2(-a)  ---- 2-4A 2, t C I -a /2 ,  tma~], 

~s-2(t) _4 ~s-2(a) = - 2 - 4 A  2, t E [tmin,a/2]- 

~O t(~s_l(T) -- _~ ~s_2(t) -- -~- 5~s-1)(v))d7 5~s-2)(t) 5~-2)(0). 

Thus by (2.6) and (2.7), 

> + 

>_5~s-2)(O)T2-4A 2, t e  [--a, tmax], 
(2.s) 

and 

(2.9) 
< + 

_~ (~s-2)(0) -- 2-4A 2, t E [train, a]. 

If (~-~)(0) >_ 0, then by (2.8) we obtain 

~s-~)(t)  ~ 2-4A 2, t E I-a ,  tmaxl- 

Otherwise, by (2.9) we get 

(~!s-2)(t) < - 2 - 4 A  2, t e [train, hi. 

Hence we conclude that 

(2.10) min ]5!~-2)(t)l > 2-4A 2, 
tEJo 

where Jo is either I -a ,  tmax] or [tm~,, a]. Our assumption that A _< a implies that 
t ~ •  = - A / 2  + 2-4a - lA  2 > - a / 2  and train = A/2  - 2-4a - lA  2 < a/2,  so that 

(2.11) IJol > el2 .  

For s = 2, (2.10) and (2.11) yield (2.2). If s > 2, then we apply Lemma 1 
and obtain by (2.10) and (2.11) that there exists an interval Js-~ C_ Jo of length 
[J~-2] = 2-2~+41JoI >_ 2 -2s+3a such that 

min 15s(t)l > 2-s2+2s-aas-2A 2. 
tEJ~-2 

This in turn implies 

IIx~ -~IIL,[-a,~] --> II~sIILt(J~_2) >- 2-s2+~aS-* A2, 
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and (2.2) has been proved for s > 2. On the other hand, if (2.3) fails, then due 

to symmetry, we may assume without loss of generality that 

X~S-1)(-a) --~(s-1)(_a) > 2 - 4 a - l A  2. 

Suppose that 
X~ ~-1) ( - a / 2 )  - ~(s-1)( -a /2)  > - 2 - 4 a - ' A  2. 

Then by the concavity of 5 (~-1) in [ - a , - a / 2 ] ,  we have 

5~8-1)(t) > -2-2a-2A2( t  + 3a/4), t C [ -a , -a /2] .  

In particular 
5~- ' ) ( t )  > 2 - S a - l A  2, t E [ - a , - 7 a / 8 ] .  

We apply Lemma 1 with J0 := [ - a , - 7 a / 8 ]  and obtain an interval J~-I c_ J0 of 
length IJ~_ll _> 2-2s+21J0 ] = 2-2~-1a, such that 

min 158(t)l > 2-s~-2S-2aS-2A 2. 
tEJs-1 

II~ -~]lLl[-a,al ~ II~[[Ll(J:-l) ~ 2-s2-4S-3aS-lA2" 

Hence, 

(2.12) 

Otherwise 
X~s-1)(_a/2) - ~(s-1)(_a/2) ~_ - 2 - 5 a - 1 A  2, 

and since (~s--1) is nonincreasing in [--a/2, 0], we obtain 

5~8-')(t) <__ - 2 - 4 a - 1 A  2, t E [ -a /2 ,0] .  

Once more we apply Lemma 1, this time with Jo := I-a/2,  0], and obtain an 
interval J8-1 _C J0 of length lJs_lI _~ 2-2s+21J01 = 2-2~+1a, such that 

min [5~(t)[ > 2-82-3a~-2A 2. 
tGJs-1 

Hence, 

(2.13) IIXs - llL:r-o,ol -115 IIL,<J:_:) ___ 2 -s2-2s-2as-lA2. 

Combining (2.12) and (2.13), we have proved (2.2) for s > 2 in this case too. 

This completes the proof of Lemma 2. | 

An immediate consequence is 
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COROLLARY 1: For v E R and b > O, denote 

b 
Xs,,,b(t) := -~.(t-- t G R, s e N .  

Let  s > 1 and r E Cs[T - a, 7 + a], a > 0, and  assume that  r is nondecreasing 

and 0 < r <_ b, in IT - -a ,  7 +  a]. Then, i f  

] > A, 
, s , 7 - , b  

where 0 < A <_ ab, then 

JJxs,~,b --~bJJL,[~-a,~+a] >_ 2-s2-4S-3aS-lb-lA 2. 

In the sequel we use the s tandard  no ta t ion  for the unit  vectors  along the axes, 

namely,  

E n := {e(i)}~= 1, e (0 := (0 . . . . .  1 , . . .  ,0) with the 1 is s tanding in the i th  entry,  

and also we use 

/~n := {~(i)}n_l ' ~(1) := (1,1 . . . . .  1),~ (2) := (0,1 . . . .  , 1 ) , . . . , ~  (n) := (0 . . . .  ,0 ,1) .  

Finally, the following was proved in [5, L e m m a  4] 

LEMMA D: Let  m C Z+ and n E N be such t ha t  m + 1 < n, and let 1 ~_ p ~_ q <_ 

oo. Denote  by 

S + ( E  n) := {v Iv  := ~ a i $  (i), a = ( a i , . . . , a n )  E R n, ai _> O, i = 1 . . . .  ,n ,  
i--1 

Ilall   < 1} 

the posi t ive p-sector over the sy s t em ~ n ,  and by 

A~ := {x = ( x , , . . . ,  Xn) l X~ < _ ' "  <_ Xn} 

the cone o f  vectors x with nondecreasing coordinates in ]R n . Then 

dm(S  + -n  1 1 (E ), >_ -g. 
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3. T h e  u p p e r  b o u n d s  

Proo[ of  the upper bounds: First take s = r > 3. It follows by Lemma C 

that there exists a quadratic spline (r~,n(x(~-3); .) with knots ti = tni := i /n ,  
i = 0• • . . . ,  +n,  such that 

t e  ( t i - l , t i ) ,  i =  - n + l  . . . . .  n, 

")IIL  < 3-n-3+l/P 
- -  2 

(3.1) IIx(r-2)(.)- ")IIL  < 7n-2+l/P 
- 2 

_ ~r tl (x(r--3). / t - l + l / P .  2 , ,  ,')IIL  -< 

For r = 3, this spline provides us with the required upper bound. If r > 3, then 

by Taylor's formula, the spline 

r--4~.) (r 1 fot4)-----~ Crr--"n(X;t) : = E  X(l)(o)tt-4- a2,n(x(r-3);T)(t-- v)r-4dr, t e I 
/ : 0  

yields 

1 fO t x( t ) -c%-l ,n(X; t )  -- (r -4) !  (x(r--3)(T)--ff2,n(x(r--3);T))(t--T)r--4dT, t E I, 

whence by (3.1) we obtain 

[Ix(") - - O ' v - l , n ( X ;  ")ILL= < ~ n-3+l/p 
- ( r  - 3 ) .  

Thus the case s = r _~ 3 is proved. 

Assume that 3 _~ s < r. First we construct a spline as,r,n(x(S-3); .), which is 

not necessarily in AS+Lq, so that 

IIx(*-3)(") - ~Ts,r,n(X(S-3); ")IIL~ < cnr-S+l/p-3, 

where c = c(s, r,p). Then we will modify it a little so as to keep it close to x 

while at the same time be in A~_Lq. Denote by 

{[ti_~,ti],  i = l , . . . , n  
Ii = Ini := [ti,ti+l], i = - n , . . . , - 1  

x(r-1)(ti_l) < a" ~x(r-3)'t) < x(~-l)(t~), - -  2,nt~ , _ 

and 
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the intervals of the part i t ion.  On each interval I~, we define two complementary  

cubic splines p.~ and ~* as follows. For i = 1 , . . . ,  n, set 

(3) ~ --32n 3, t~_~ < t < t~_~ + 1/4n 
~,i  ( t ) : =  32n 3, t i - ~ + l / 4 n < t < t ~ - l / 4 n  [ - 3 2 n  3 t ~ - l / 4 n < t < t ~ ,  

and 

Now let 

_(3) ~ ( 3 ) .  : = - - V . ~ .  

f t _(3) [ 7  ~ ~"~(t) : =  ~ ,~  ~ d7, 
Q-1 

r ( t ) : =  P~i (7) dT, 
ti_~ 

~,~(t)  := ~ ,~(7)  e7,  

r := ~*(3)(7) d7, t ~/:~, 

p* ' ( t )  := Ti (7) d7, t ~ I~, 

p*(t)  := ~ ' ( 7 ) d 7 ,  t e -~i. 
t , - I  

For i - -  - n , . . . , - 1  we set 

and 

~ ( t )  := ~ * i ( - t ) ,  t G Ii. 

All the above functions are piecewise cubic polynomials on the respective inter- 

vals, and it is readily seen tha t  

~ , i ( t i -1 )  = p i ( t i )  -- 1, ~ , i ( t i )  = ~ i ( t i - 1 )  = 0, i = 1 . . . . .  n, 

~,~(t~+l) -- ~ i ( i )  = 1, ~,i(t i)  = Pi(ti+I) O, i - n , . . .  -1 ,  

~',~(t~_~) = *'  ~i ( t i )=O,  ~ ' , i ( t i )=~i* ' ( t i_ l )=O,  i = l , . . . , n ,  
(3 .2)  

~'.~(t~+l) = *'  ~ i  (t~) = O, ~'.i(ti) = ~ i * ' ( t i + l )  = O, i = - n , . . . , - 1 ,  

' / ' t  " *' /  " ' t  " *'1 ~ . i ( i - 1 ) = ~ i  ( t~)=O,  ~ . i ( i ) = ~ i  ( t i -1 )=O,  i = l  . . . .  ,n ,  
II *11" t II *11 ~.~(ti+l) = Pi ( i )  = O, ~.i(t i)  = Fi (ti+l) = O, i . . . . .  - n ,  -1 .  

Furthermore,  for all i = +1 . . . . .  +n ,  

(3.3) O < _ ~ , i ( t ) < l ,  0 _< ~ (t) _< l ,  and ~ , i ( t ) + ~ * ( t ) - l ,  t E I i .  

Thus, in part icular,  

(3.4) ]t~.it]n~(,,) = ]]~*]]L~(I,) = 1, i = • 1 7 7  
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Also 

(3.5) 

I = I1~ IIL~<~) = 2n, 
]I 

= I1~ I]L+(~,) = Sn ~, II~,~IIL=(I:) *" 

IIv! 3) IIL~(I,) = I1~ *<z) JlL~(~,) = 32n3, i = •  

Let 0 _< k < r and assume y E Ck(I). For 1 < i < n, let 7r.,k(y; i; t) and Try(y; i; t) 

denote the Taylor polynomials of degree k of y, expanded respectively, about  the 

left-hand and right-hand endpoints of the interval Ii, tha t  is, 

k 

7r*,k(Y;i;t):= E ~. y(O(tn,'-t)(t-tn,i-1)l' i = l , . . . , n ,  
/----0 

k 

7r;(y;i;t):-- E ~ y(O(ti)(t-ti)'' i= l , . . . ,n.  
I=O 

~, , " ,  ~ 1 7 6  Symmetrically, for - n  < i < -1 ,  let a-.,k(y; i; t) and 7rk(y, ~, t), i = --n, --1 
denote the Taylor polynomials of degree k of y, expanded respectively, about  the 

right-hand and left-hand endpoints of the interval Ii. 

We are ready to define the approximating splines for x E A~_W~, namely, for 

i = • 1 7 7  set 

a~,r,n(x(~-3); t) := 7r.x_~+2(x(~-3); i; t)~.~(t) + 7r*_~+2(x(~-3);i; t)~(t), t E I~. 

Evidently, a~,~,~(x(S-3); .) E C : ( I ) ,  and it is a polynomial of degree <_ r - s + 5 

on each interval of the refined partition. We are going to prove tha t  

1 2) rn-r+s+Wp- 3 (3.6) Hx(~-3)(')--a~x'n(x(S-3);')llL~(l~) <-- (r - -s+ 

Indeed, it follows by (3.3) tha t  for each 1 < i < n, 

IIx(~-3)(.) - ~r,n(x(8-3); ")IIL~(~o~) 

= IIx(S-3)(-) -- ( . . , , ._8+:(X(S-~); i; ")~*d') + ~;_~+2(X(~-~); i; ")~;('))IIL~(I,) 
= I](x(~-3)(-) - 7v.,r_s+2(x(~-2); i; "))~*i(') 

$ . * + (~(~-~)(.) - ~r_~+~(x, i; . ) )~  (')IIL~(~,) 

_< max{Itx(8-3>-  ~ . ,~_ ,+ , (x( ' -~>;  i)lt ~ ( , , ) ,  tt~ (~-3> = ~; - ,+~(~(s -~) ;  i)tt ~ ( , , ) }  
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Now, by Taylor 's  formula and HSlder's inequality, we obtain for t E I i ,  1 < i < n, 

f t t  1 i x(r) (7-)l(t  - Ty--~+2dT [x(S-3)(t) - 7r*x-~+2(x(~-3);i;t)i < ( r -  s + 2 ) !  t~_~ 

1 
< ( r  - s + 2)!  IIx(r)(')llL~(~')lI~i~-~-~/'+3 

1 n_r+sT1/p_ 3 
< (r - s + 2)! 

Similarly 

1 
I x ( ~ - 3 ) ( t )  - 7 r~_~+2(x (~ -3 ) ;  i; t) l  ~< ( r  - s -4- 2)!  ix<r>(~)l(~ - t)r-~+2dT 

1 < ?t--r+s+l/P -3. 
- ( r -  s + 2 ) !  

Therefore 

1 n_r+s+l/p_3, 
(3.7) I I x ( ~ - 3 ) ( . ) -  ~ . . . .  ~+2(x(~-3);i;')llL~(5) < ( r -  s + 2 ) !  

and 

1 n_r+s+l/p_ 3 
(3.8) Ilx(S-3)(')-Tr*-s+2(x(~-3);i;')lli~(1') < ( r -  s + 2 ) !  

and (3.6) is established for i = 1 . . . .  , n. For i = - 1 , . . . ,  - n  the proof  is similar. 

In the same way we have for i = : i :1 , . . . ,  + n ,  

(3.9) 

~(m) i x ( s - 3  ) . IIx(~-3+m)(.)  -- , , r - ~ + ~  ;~; ' )IIL~(~)  

= I l x ( ~ - a + m ) ( - )  - ~,,r--~+:--m(X(~--3+m); i; ")115~(I~) 

< 1 rt--rTsT1/p--3+m~ m = 1 , 2 , 3  
-- ( r - - s + 2 - - m ) !  

and 

(3.10) = l ix(~-~+'~)( . )  - ~ ; _ ~ + ~ _ m ( x ( ~ - ~ + - ~ ) ;  i; ")llL~(x~) 

1 n_r+s+l/p_3+ m 
< ( r - s + 2 - m ) !  , m = 1 , 2 , 3 .  

Now, for the third derivative of as,r,n, which exists a.e. in Ii,  1 < [i6 < n, we 



252 V . N .  KONOVALOV AND D. LEVIATAN Isr. J. Math.  

obtain by (3.3) through (3.5), 

0 -(3) (X (s-3)" t~ s,r,n k , ] 

3 ~ 3 ,  (Tr(m) (X(S-3)'i;t~'~(3-m)(t~ = E \ m ] '  . ,r-s+2, , ,~.i  , ,+~r*-~+~(m)(x(~-3);i;t)~*(3-m)(t)) 
m-~O 

3 
_ ( 3 )  _Tr(m)  { x ( S _ 3 ) . i . t , , , ^ ( 3 _ m ) { t  , 

= Z , , , ,  
m=O 

3 

m=0 

3 

= x ( S ) ( t ) - E  (3m)(X(S-3+m)(t)-~r'x-s+2-m(X(~-3+m);i;t))~3-m)(t) 
m = O  

3 
--E(3)(x(S--3+'~)(t)--~r:_s+2_m(X(S--3+m);i;t))~*(3--m)(t). 

m:O 

This, together with (3.7) through (3.10), yields 
(3.11) 

iix<~)(.) _ 0-(3) (x(~-3). .)IIL**(I~) < cn-~+~+l/P, a.e.  t C Ii ,  1 < [i I < n,  

where 
64 48 12 1 ~ . -  + + - - +  

( r -  s + 2)! ( r -  s + 1)! ( r -  s)! ( r -  s -  1)!" 

We have to modify the spline a~,r,,~(x(~-3);-) so that its second derivative is 

monotone. To this end, we take 

(3.12) ~h = rh(s, r ) : - -  928(r - s), 

and set 

ti-1 + k(mn) -1, 
ti,k = tn,i,k := ti+l -- k(rhn) -1, 

Let 
{ [t~,k-1, ti,k], I~,k = I~,~,k := [t~,k,t~,k-1], 

k = 0 ,1 , . . . , rh ,  i = 1 , . . . , n ,  
k = 0 , 1 , . . . , r h ,  i - = - l , . . . , - n .  

k = l , . . . , r h ,  i = l  . . . .  ,n, 
k = l , . . . , r h ,  i = - 1  . . . .  , - n .  

The sth derivative x (~) is called smal l  in Ii, 1 _< lil < n if there exist at least 

2 ( r -  s)(< rh) subintervals Ii,k~, and points ri,k~ E Ii,k~, such that 

(3.13) x(~)(ri,k~ ) ~ 2~n -r+s+l/p. 

Otherwise x (s) is called big in Ii. 
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I f  x(S)(.) is s m a l l  in I i . ,  let  J ,  :=  [ t~ . , t v . ] ,  - n  < v,  < ~* < n,  b e  t he  b igges t  

i n t e rva l  c o n t a i n i n g  I i . ,  so t h a t  x (s) is s m a l l  in I . ,  v ,  < v < v* - 1. Since  in  Iv 

t h e r e  a re  a t  l eas t  r - s d i s jo in t  p o i n t s  vv,k~, any  two  of  which  are  a t  d i s t a n c e  of  a t  

l eas t  ( rhn)  -1 .  A p p l y i n g  L e m m a  A a n d  (3.13),  we o b t a i n  b y  H h l d e r ' s  inequa l i ty ,  

IIx(~)liLoo(I~) 
r - s ^ (r-s)(~-~-l) 

-< ( r  - s - 1)! m 2 

• (max I~ (~) (~,~)1 + 

r - s ^ (~-~)(.-~-1) 
~- ( r  - s - 1)! m 2 

• ( 2 5 n  - r + s + l / p  q- 

r - -  8 (~ -~ ) (~ - s -1 )  ( 
-< ( r  - s - 1)! ~fl' : 2 5 +  

1 n_r+~_li[x(r)[]L~(i~)) 
( r  - -  s - -  1 ) !  

1 1)vn_r+s+l/Pl]x(r)l[iv(i~)) 
r -- 8 -- . 

1 "~ 7t_r+s_t_l/p 
( r  - s - 1 ) ! ]  

Hence  

(3.14) ][x(S)]lLo~(j.) _< c,n-~+~+~/p, 

where  
r - -  8 (~ -~ ) (~ - s -~ )  

7h ~ 3~. 
c , . -  ( r - s - l ) !  

W e  d iv ide  J ,  in to  su b in t e rv a l s  J,j :---- [ T , , j - 1 ,  T,,j],  1 <_ j <_ J = J(n, m,,  J,), of 

l e n g t h  [J*jl  = (m,n) -1, where  

( . -~ ) (  . . . .  ~) 
(3.15) m ,  : =  2784(r  - s)~n 2 

B y  v i r t u e  of L e m m a  2 the re  ex is t s  a q u a d r a t i c  sp t ine  a2,n (x(S-3);  "; J , )  w i t h  k n o t s  

v , j  such t h a t  

I I  

x(s- -1) (T . , j - -1)  <_ ( 7 2 , n ( x ( S - 3 ) ; t ; Z . )  ~ x ( s - 1 ) ( T . j ) :  t E ( T . , j - - I , T . j )  , 

for al l  j = 1, . . . .  J(n, m,,  J,), a n d  

[Ix(S--3)(") -- (72,m.n(X(S-3); "; J*)HL~(J . )  --~ 3(m.n)-3l]x(~)ilLoo(j.), 

]]x(~-2)(")  - a ~ , ~ . . ( x ( ~ - 3 ) ;  "; J.)]]L~(J.) <_ ~(m.n)-21lx(~)[[L~(j.), 

[[x(~- 1) (" ) -- a"2,m.~ ~[x(~-3)', "', J*)I[L~(J.) _ < (m.n)-']lx(S)llL~(j.). 
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This in turn  yields, by (3.14), 

Isr. J. Math. 

3 c lt--r+s+l/p--3 I [x(~-3)( . )  _ ~2 , ,~ ,~ (x (~ -3 ) ;  .; J , ) I E ~ ( J . )  -< m:U~ �9 

(3.16) 11/(~-2)( . )  - ~ 5 , m , ~ ( / ( ~ - 3 ) . . ;  J*)IIL~(J,) < m -27-c n -~+~+~/p-~ 

-- ~ (x(S-3)" "J*)l]L~o(J.) < m . l c .  n-r+s+l/p-1. Ilx(~-~)(.) 2 , r e . n \  ' ' "  

We replace a~x,n(X(~-3); t) on J ,  with ~2,n(X(S-3); .; J , ) ,  and set 

ds,r,n(x(S-3);t) := cr2,n(x(S-3);t; J . ) ,  t C J . .  

There  may be a few intervals of the type J., all of course being mutual ly  disjoint. 

In the extreme case it may be tha t  J. = I, in which case of course we are done. 

Otherwise x(~)(.) is big in some subintervals Ii, so let Iio be such an interval. Let 

{Iio,k~ CIio},  be the collections of all 0 < m = m(Iio) < 2(r - s) subintervals 

each of which contains a point 7:io,k~ such that  

(3.17) x (s) ( T i o , k j )  ~ 2cn-r+s+i/P. 

Define 

(3.18) and 

~!3)(x(~-3);t) := ~ 25n -~+s+l/p, t E Iio,k~ 
~o ~ ( 0, otherwise 

1 f~i F!3)(x(S-3)" T~(t - T)2dT, ~~ 2 o~~ . . . .  

1 (tio_l + tio)" It follows by (3.17) tha t  where ~io := 

(3.19) I~t)(ti)l, I~t)(ti_l)p < ~-12(r  - s)2~n -r+s+l/p-3+l, 

Also note tha t  on all other  subintervals of [io we have 

x (s) (t) > 2~n -r+~+l/p. (3.20) 

Now set 

ds,r,n(x(~-3);t) :-- as,r,n(X(S-3);t) + ~io(x(S-3);t), t CIio. 

l = 0 ,1 ,2 .  

This defines spline pieces with possible discontinuities at the points ti and we 

need to join them smoothly  together.  To this end, write 

r := ~. i ( t ) ,  r := ~ ( t ) ,  t C I/, i = •  
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and let 

1 1 
r := - n P . i ( ~ ( t  - ti) + ti) ,  

2 1 (t - t~) + t~), r  := ~ . ~ ( ~  

and 

1 , 1  
r := ~ i  ( ~ ( t  - t i -1 )  + t i -1 ) ,  

2 .~1 
r := -~g~i ( ~ ( t  -- t i -1 )  + t i -1) ,  

t G I ~ ,  l < i < n  

r  := r  Ct*i(t) :=r 1 = 0 , 1 , 2 ,  - n < i < - l .  

Let 1 < i < n. Straightforward computat ions yield 

(3.21) 

and 

r  = --(2n) -1, 
r  = O, 
r  = 1, 
r  = o, 
r  +t *1i[ ' i - -1)  = O, 
r  = o, 

r  = O, 
r = (2//)  - 1 ,  

r ) = O, 
r = 1, 
0"  ft *1i\ ~/ ~ O~ 
r  = o, 

r  ~nl - 2 ,  

r = O, 
C t . 2 i ( t i _ l )  = - - ( 2 n )  - 1 ,  

r  = O, 
r = 1, 

. l[ 
02i (ti-1) = O, 

r = 0, 
r = ~,~ -2 ,  

0',2~ (t~) = 0, 
r  = (2~t) - 1 ,  

- (t.~ ,2i~ ,~] = O, 
r = 1, 

(3.22) 

Also, 

(3.23) 

I[r = (2n) -1 ,  
[lr = ( 2 n ) - ' ,  
IIr = 1,  

* I 
[[~)1i [[Loo(I,) = 1, 

I! IIr -- 2n, 
. I1 

I1% IIL:<~,) = 2n, 

IIr = (2n) -~ '  
IIr = (2n )  - 1 ,  

l! 

, l! 
I1r IIr=(x~)= 1. 

(3) (3) 
IIr = 4n2,1Ir = n, 

IIr = 4n2dlr = n. 

Since ~ . . . .  (x (~-3), .) may have jumps at  the points t i, let 

;~(k) /+(s-3). t) -- l imt+t~- ~(k) (X(S_3)" t), limt-+t, + U s , r , n \ ~  ~ s , r , n ~  , 

Ski :=- k = 0,1,2,  - n + l < _ i < _ n - 1 ,  
0, k = 0 , 1 , 2 ,  i = + n ,  

and define a correcting cubic spline on the intervals where x (s) is big. (In view of 

the different indices ascribed to the endpoints of the intervals, we only describe 

how we deal with rio, i0 _> 0, where x (s) is big. The other intervals are handled 

in a similar way.) Thus, suppose x (8) is big also in I io- l ;  then set 

2 
)~* ,4,* (t~'~ (3.24) Cio(x(~-a);t) := E ( A . u o r  + uowuo~ jj 

/=0 
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such that  

(3.25) ~ : ) ( x ( ~ - 3 ) ; t i o _ l ) = 0  and ~: ) (x (~ -a ) ; t i o )=Sk , io ,  k = 0 , 1 , 2 .  

If, on the other hand, x (s) is big in Iio but  small in Iio-1, then set ~io as in (3.24) 
such that  

(3.26) 
~ : ) ( x ( ~ - 3 ) ; t i o _ l ) = - - 6 k , i o _ l  and ~ : ) ( x ( S - 3 ) ; t i o ) = S k # o ,  k = 0 , 1 , 2 .  

The existence of ~io(X(~-3); .) in bo th  above cases is guaranteed by (3.2), (3.21) 

and (3.22). In fact, solving the system of linear equations (3.25) in the former 

case we obtain A.tio = 0, l = 0, 1, 2, and solving equations (3.26) in the latter 

case we obtain 

/~*0,io = - - 5 0 , i o - 1  - -  ( 2 n ) - l ~ l , i o - 1  --  1 ( 2 U ) - 2 ~ 2 , i o - 1 ,  

(3.27) A*l,io ~-- - - ( ~ 1 , i o - - 1  - -  (2n)-152,io-1, 

)~.2,io ~ --(~2,io--1" 

In bo th  cases 

(3.2s) 

Denote 

A~,i o = 50,io - (2n)-151,io + 1(2n)-252,io, 
3 

A* = 5X,io - (2n)-152ao, 1#o 

A~,i o = 52,io. 

b~,r,n(x(S-3);t) := ~ x , , ( x ( ~ - 3 ) ; t )  + ~io(X(S-3);t), t E Iio. 

Clearly 5sx,n(x(~-3);-) E C I ( I ) .  Furthermore,  b"  (x (~-3)" .) exists and is con- s,r,n\ 
t inuous except perhaps at the points T.j of the intervals J . ,  and in part icular it 

- .  (s-3) is continuous at all points ti, 1 < i < n. We will show that  a~,~,n(x ;-) is 

z~(3) c~(s-3)..),  which exists nondecreasing on I.  Indeed, it suffices to prove that  v ~ , ~ , ~  , 

a.e. in Iio, is nonnegative there. By our construction, 

5(3) tx(~-3), t) = a (3) tx  (~-3)" t) + ~!3)~x(~-3)" t) + (!3)(x(~-3); t) 

= x(~)(t) ~- ~!3)r t~ - (x(~)(t) - a (3) (x (~-3). t ~  

+ (!3)(x(8-a); t), 750 \ 

t E I~ o. 

By (3.18) and (3.20) we are guaranteed that  

x(S)(t) "J,- r (x(S--3); t )  ___~ 2CTt - r+s+l /p ,  a.e. in Iio. 
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Hence (3.11) yields 

(3.29) ~r t~, -> 2&-r+~+i/P - en-~+~+'/P - llr ")ll L~r 

Thus it remains to estimate the third term. Now by (3.24), (3.27) and (3.28), in 
the worst case, 

r !3)(x(~-3)" ")LIL~(I,o) <(15O,~o-~L + (2n)-~15~#o-~] 

+ 1(2n)_21~2,~o_~ (3) I)llr (')ltL~(~,o) 

+ (1~O,~ol + (2n)-'l~l,~ol 

+ ~(2~)-~1~2#o I)llr 

+ (1~#o-1[ + (2n)- l l~2#o- , { ) l l r  

+ (1~,~ol + (2n)-~lS:#ol)llr 
5 (3) +12,~o-~lllr 

+ 1~2,io II1r162 

By virtue of (3.5) and (3.23) we obtain 

(3.30) 

II~o ~)(~(~-~);')11~(,,o) 
17 

--< 32n3(1(~O,io-1] + ](~O,io ]) "}- 207/2([(~1,io-1]-J-](~1,io ]) "~- --~-n(](~2,io-1[ "}-](~2,io[)" 

In order to estimate the jumps at ti, we observe that the original spline 
Crr,s,n(X(S--3); ") E C2(I) thus contributes nothing to the jumps. Moreover, 

(3.31) l i m a  (a) (x(~-3)' t)=x(k)(t i) ,  k = O ,  1,2. t-+t, r ,8~Tt \ 

Hence, if x (s) is big both in Iio and in Iio+l, then by (3.19), 
(3.32) 

[5~#o] < ~(O(t. (0 -- Sio ~ ~o)1 + I~io+l(tio)] <-- r h - 1 4 (  r - s) 2~n-r+s+l/p-3+l, l = O, 1 ,2 .  

If, on the other hand, x (~) is big in Iio and small either in Iio+1, or in Iio_ 1 or  in 
both, then by (3.31) we have 

(t), (s-3) ~ (0 t I~,,,ol < IIx(~-o(.) - ~=,~kx ; ' ;  Jg)[IL~(J:) + I~,o ( ~o)1, l = O, 1, 2 

or  

_(t) %(s-3). 2 (z) - �9 ]:)tlL~(J.~) + t~io (tio-~)l, l = 0, 1, 2, 
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respectively, or both,  where j.a 3 I~o+1 or j2  3 I~o-1, respectively. By (3.16) 

and again (3.19), we obtain 

I~,~ol, I~,~o-ll _< (m~-3+t4c. + rh-12(  r - 8)2c) n-~+s+l/p-3+t, 

which together  with (3.32) yields tha t  in all cases, 

lht,io 1, }~t,io-11 < (m,3+t4c. + ~h-18( r - S)C) n-r+s+l/p-3+t, I ---- 0, 1, 2. 

Our choice of m.  and ~ (see (3.12) and (3.15)) gives 

I~.~o-11,15Z,iol < ---~n -~+~+l/p-3+z 
- 116 

and combined with (3.29) and (3.30) proves tha t  5 (3)s,r,nt,~/a'(s-3)', t) _> 0, t E Iio, as 

we have asserted. 

Finally, the same computat ions  yield 

(3.33) I Ix(~-3)( . )  - 5~ ,~ ,~(z(~-3) ;  ")115~ -< cn-r+s+l/p-3, 

where c = c(8, r, p). 

If 3 = s < r,  then we set 

crs,r,n(X;t ) := 5s,r,n(x(S-3);t), t �9 I. 

If 3 < s < r,  then we set 

crs'r'n(X;t) := Z X(k)(O)tk + 5s,~,n(X(8-3);v)(t-- 7)S-3dT, t �9 I. 
k = 0  

Then  

1 fO t x(t)-as,~,~(x;t)  - (s - 3 ) !  (x(S-3)(r)-5~,r,n(X(8-3);r))( t-r)S-3dr,  t �9 I 

and, by (3.33), 

IIx(.) - ~8 , r ,n (x ;  ")IIL~ --< - -  (8--3)!  
IIx<~-3)(.) - 5s,r.n(X(8-3); ")IIL~ 

~_ cn-r+s+l/P -3, 

where c = c(s, r,p). Evident ly  a~,s~,n2) (x; -) C C(I) and its derivative a~,s~,nX)(x; . ) is  

nondecreasing in I.  Thus as,,.,n(x; ") E A~_Lq, 1 _< q _< cr and the upper  bounds 

are proved for all 3 < s < r. 



x( t )  - crr,n(X; t) -- 

Hence 
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If s = r + 1, r _> 2, then x (r- l )  C A~W~. It was proved in [5] tha t  there exists 

a convex piecewise linear function a(x(r-1);  .) with 2n + 1 knots such tha t  

IIx(r-1)(") - O'l,n (x(r-1) ;  ")ILL1 -< cn -2, 

where c is an absolute constant.  Set 

r--2 1 1 fot  r x(k) (O) ta+ (r 2)----~ Crl,n(x(r-1);7)(t--7")r-2dv, t C I ,  
k=O 

which evidently satisfies ~r, .  (x;-) C Ar++lLq. Then  

1 f0 (r --2)! (x(r--1)(T) -- crLn(x; 7))( t  - T)r-2dr ,  t E I. 

I I x ( )  - ~ n ( x ;  ) I I L ~  ~< - -  
(r  - 2 ) !  

II;/~(r-1)(") -- 0"l,n(x(r-1); ')llL1 ~< cr t-2,  

and the proof  of the upper  bounds is complete. I 

4. T h e  l ower  b o u n d s  

Proo f  o f  the lower bounds: In order to prove the lower bound,  we let 

1, t C [ -1 ,1]  
Co ( t ) :=  0, t E R \ [ - 1 , 1 ]  

and define by induction 

l c)~(t) := 0 s - l ( 2 r  + 1) dr,  t C 1R, s C N. 
--1 

It follows tha t  for all s E Z+, r is even, r -> 0, r = 0, t E R \ [ - 1 , 1 ] ,  

[r = 2 8-1, in [ -1 ,1]  except for a few dyadic points with denominator  
2 - s+ l ,  and 

f l r = ]lOsllL~ = Cs(t)dt  = 2 - s+ l ,  s G N. 
1 

For N C N, write r := N - s r  and for 

1 i 
rN,/ := --~ + ~--~, i = 0 , 1  . . . . .  N, 

1 2 i -  1 
CN,i--- 4 + 4 ~ '  i = 1  . . . .  ,N ,  
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let 

Cs,N#(t):=r i = l , . . . , N ,  s E Z + .  

Finally, for 1 _< p _< c~, set 

Cp,~,N,i(t) := 2-~+I-1/PN1/PCs,N,i(t), s E Z+.  

Clearly, Cp,s,N,i(t) is symmet r i c  abou t  ~N,i, Cp,s,N,i(t) = O, t ~ [vN,i-1, VN,i], and 

Cp,O,N,i(TN,i) = 21-WpN1/p, r = 2-2s+U-1/PN -s+l/p. (4.1) 

Also 

(4.2) 
(s) llCp, ,N,JIL  = 1, s e z + .  

We are ready to construct  the sys tem of vectors tha t  will yield the lower bound.  

We fix some k E N, k > 2 to be prescribed, and set 

f , f , , f , . ,  (4.3) ~Pp,r,s,k,N,i(t) := J - 1  J - 1  " '"  J - 1  Cp,r-s,kN,k(i-U+l(ts)dts"" "dtl, 

i = l , . . . , N ,  t e [ -1 ,1] .  

Then  it is s-convex in I = [ -1 ,  1] and, by (4.2), belongs to A~_W~. Denote  the 

N := {r and let sys tem ~ p,r,s,k N 

N N 

S+(fftN ~ {X : E ai~)p'r's'k'N'i l ai >- O, E ai - p ~v,~,s,kJ := P < 1} 

i=1 i=1 

be the posit ive p-sector over this system. Then  S+(~Np k p,r,s,k}~ C A+W~,~ ~ which 

implies 

s r s L _ + N (4.4) dm(A+Wp, A+ q)nq > dm(S~ (~p,r,~,k), AS+Lq)Lq 
- - t + l / q  + N s > 2 dm(Sl (@px,~,k), A+L1)L, ,  

where in the second inequali ty we used the facts tha t  S+(qyNp \ p,r,s,k)~ C_ S 1+ (~p,r,s,k)'N 
AS+nq C_ AS+L1 and IlXllLq >_ 2-1+l/qllxlln 1. 

Fix some c > 0 to be prescribed and let M m C L1, of dimension m < N - 2, 

be such tha t  

, , ,  E + N (4.5) dm(S+(~N~k),AS+L1)L, >_ (S, (@p,,.,~,k),M2nAS+L1)L,-~. 

I f  L m + l  : )  M ~  is a subspace of L1 of d i m L  m+l = m + 1, then it follows tha t  

+ N + N L m+l n dm(Sl (~p,r,s,k), AS+L1)L, > E(S, (@p,r,s,k), /k~L1)L1 -- e" 
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We take ~ , i  E L m+l M A~_L1, i = 1 , . . . ,  N ,  such tha t  

m a x  Ilff)p,r,s,k,N,i -- ~e,iliL1 ~ E(S+l (~Nr,s,k), Lm+l N AS+L1)L, + e, 
I < i < N  

and extend t h e m  by ~ , i ( t )  = 0, t E R \  I ,  i = 1 , . . . , N ,  in order to define the 

Steklov mean  

fo f ~s,~,e,i(t) := r / - s -1  " '"  ~e,i(t + t l  + ' "  + t s + l ) d t s + l ' "  d t l ,  

tCR, i = l , . . . , N .  

I t  is well known tha t  ~8,~,~,i E Cs(R) ,  and 

(8I ~-8-1 f f  ~s,~,~,i(t) = / k ~ , i ( t  + r )dr ,  t E [ - -7 /8 ,7 /8] ,  i = 1 . . . .  ,N .  

We conclude tha t  z(s) 1 < i < N,  is continuous and nonnegat ive in [ - 7 ,  ~], 
.(8-1) and ~8,v,~,i, 1 < i < N,  is continuous and nondecreasing there. Also 

l im ][~,i - ~8,V,~,iliL,(~) = 0, i = 1 , . . .  N .  
~--++0 

Thus  we fix 0 < ~ <_ (8(s + 1)) -1 ,  so tha t  

max  []~r - ~8,,7,~,iIIL~(R) < e, 
l < i < N  

and it follows tha t  

E + g Lm+l  8 (4.6) m a x  }]~'p,r,s,k,N,i -- ~sdl,e,illL1 < ($1 (@p,r ,s ,k) ,  N A+L1)L,  + 2e. 
I<i<N 

Let If  .~m+1 beabasis ofL m+1 and extend ~,j(t) -- 07 t E R \ I , j - -  i,. l'~e,3 J j = l  " " ,  

m + 1. Again, let 

f/f/  ~8,,,~,j(t) := ~ - ~ - a  . ."  ~ , y ( t  + ta + . . .  + G+I)dG+~ " " dt~, 

t E R ,  j = 1 , . . . , m + 1 ,  

and denote their  span by L m+l Also, let A r~s- l rm+1 denote the set of all 
- - 8 , r / ,  e' " ~_a ~ .  ~ . /  .t.J S , r l , ,  ~ 

r m+, such that is continuous and nondecreasing in elements  ~ C -s,,Tx 
A n s - - l r m + l  Therefore  (4.6) implies I t  follows f rom the above tha t  ~,~,~,i E ~ + ~  ~"s,n,~" 

E(S+(~Nr , s , k ) ,  L~ +' ~ A~+ L~)L, 
(4.7) 

A D L ~ > E(S+I (~Np,r s,k), s - I  m+l 
- -  , , + s J / , e ) L i [ - - g , g ]  - -  2 ~ ,  
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and  we will show t h a t  for an  appropr i a t e  k, 

9- N s - 1  m + l  
(4.8) E(S1 (~P'~'8'k)'A+D L~'v'~)L~[-~'~] 

> (2 8:+~ - 2~-9)c(p,  r, s ) ( kN)  -~+~+1/p-3. 

Indeed,  by  v i r tue  of  (4.1) and  (4.3) we obta in ,  for each i = 1 . . . .  , N ,  

~['(:~l,) ,N,i( t)  : = r  
1 

where  

Set 

Isr. J. Math .  

---- c ( p , r , s ) ( k N )  -r+8+l/p-1, t > 7kN,k(i_l)+l, 

2 l - l / p ,  8 = r, 
c(p,  r, 8) : =  2_2r+2s+2_ l /p ,  8 < r.  

1 s) (kN)_r+s+l /p_l (  t 7kN,k(i_l)+l)+ . Xp,r,s,k,N,i(t) -- (S -- 1)! c(p '  r, _ - s--1 

T h e n  

k(8-1) ,,~ = g,(p~l) Ni( t )  , t < TkN,k(i--U and  t > 7kN,k(i-1)+, p,r,s,k,N,i[ ~} . . . . .  , 

while for t E (~kN,k(i-1)+l, TkN,k(/-1)+l], it follows f rom (4.1) t h a t  

k(s-1)  z,~ ~/,(s-1) (t~ _ 
p,r,s,k,N,ikL) -- Wp,r,s,k,N,i~j < c(p, r, s)(kN)-r+s+l/P(TkN,k(i_l)+l -- t). 

Finally,  by  the  s y m m e t r y  of Cp,~-8,kN,k(~-l)+l a b o u t  ~kg,k(i-1)+l, it is readi ly  

seen t h a t  

x(s--1) / ,  ~/~(s--1) {r 
p,r,8,k,N,ik~ -- ~kN,k(~-l)+l) -- ~p,r,~,k,N,i~ -- ~kN,k(i-1)+l) 

(8-1) - ~/,(s-1) ( § 
= --[Xp,r ,s ,k ,N, i(  - t  + TkN ,k ( i -1 )+ l )  -- Wp,r,s,k,N,ik - ~  -~- TkN ,k ( i - 1 )+ l ) ) .  

�9 ( 8 - 2 )  / ~  ( 8 - 2 )  
The  last  two re la t ions  imply  t h a t  , ~ p , r , s , k , N , i ~ t )  - -  ~ ) p , r , s , k , N , i ( t )  = 0 ,  if t < 

rkN,k(~-l) and  if t > T k N , k ( i _ l ) + l  , and  this  in t u r n  yields 

Hence,  we have for i = 1 . . . .  , N ,  

I[~p,r,s,k,N,i -- Xp,r,s,k,N,iHL1[--r,~] < ( ~ )  s - 2 1  _ ~ 2 - 6 c ( p ,  r, s ) ( kN)  -r+8+l/p-3 

< 28-9c(p, r, s ) ( kN)  -~+8+1/p-3. 



Vol. 133, 2003 SHAPE PRESERVING WIDTHS OF SOBOLEV-TYPE CLASSES 263 

If  k N " -  {kp,r,s,k,N,i}iN1 then the above implies tha t  
�9 p,r ,s ,k  "-- 

+ N s - 1  m + l  E S  �9 ) , A D  L 77 ( 1 ( p ,r ,s ,k  + s ,v , e )L , [ -g ,g ]  

E / S 4 - 1  N , s -1  m + l  > ~ 1 (~px,8,k),A+ D L~,,7,~)L~[-~,7] -- 2~-9c(p , r , s ) (kN)  -~+~+1/p-3. 

Thus  (4.8) follows if we show tha t  for an appropr ia te  k, 

(4.9) E~S +~ N " l rm+ l~  ~ T > 2 ~ + S c ( p , r , s ) ( k N )  - r + s + l / p - 3  I 1 ( ~ ( p , r , s , k ) ' A +  D s -  ~ s , r l , e ) L l [ - g , g ]  -- 

To this end, we first prove tha t  

s--1 + ,N 8--1 s--1 m + l  
(4.10) E(d  S 1 (~p,,.~,k),d A + D  Ls,,,r188188 

_> 2 -4 (k  - 1)c(p, r, s ) (kN)  -r+s+Up-2, 

where for a subset  U C X we use the no ta t ion  

d s -1U : =  {X ( s - l )  IX C U} .  

Indeed, let Ik,N,i := [rkN,k(i-1)+l, TkN,ki], i ---- 1 . . . .  , N and define the discretiza- 

t ion opera to r  Ak,N : L1 ~ x --+ Ak,NX E 1 N by 

Ak,NX := ( f fk .m x( t )dt  . . . . .  fk .N.N X(t )dt)  " 

Then  it is easy to see tha t  

IIAk,NXlI~ <_ IIxlIL~/-�88188 
Hence 

(4.11) 

since 

E ( d s - l s +  1 N AS--1 A r~s-- 1 Trn-bl"~ 

> E(Ak  N d S - l S + l  (Xp,r,s,k)N , s - 1  s - 1  m + l  _ , Ak,Nd A + D  Ls,v,~)l~ 

_ d  A + s- I  N 1 > ,~+l( k,NS1 (D Yp,~,s,k), A+)IN, 

A AS--IA ~ s - - l r m + l  C A1F C ~;~N, 
k , N t t  z_~+ z.z Z~ s,rl,e _ 

where A~_ is defined in L e m m a  D with n replaced by N.  

Now 

Ak,Nk  (p:r-~!k,Nd : 2 -1 (k  - 1)c(p , r , s ) (kN)-r+s+l /P-2g  (i), i =  1 . . . .  , N ,  

where g(i) are the N- tup les  f rom (4.4) (with n replaced by N) .  Hence 

s -1  + N 2 - 1  s ) ( k N ) - r + s + l / p - 2 S l + ( • N ) ,  Ak,Nd S1 (~p ..... k) = (k - 1)c(p, r, 



264 v . N .  KONOVALOV AND D. LEVIATAN Isr. J. Math.  

f=(i)~N Therefore where/~N := L c l i=l-  

s--1 + N 1 
(4.12) dm+l(Ak,Nd $1 (Xp,r,s,a), A+)IIN 

= 2-1(k - 1)c(p, r, s)(kN)-r+s+l/p-2dm+l(S+(EN)), A1)t ~. 

For m < N - 2, it follows by Lemma D tha t  

dm+I(S+(EN)), Al+)t~ >_ 1/8, 

and combining with (4.11) we obtain (4.10). 

Now, by (4.10) there exists an 1 < i0 _< N so tha t  

IIX(pS~ls!k,N,io -- ~(s-1) l lLl [_ �88188 _> 2-4(k _ 1)c(p,r,s)(kg)-r+s+l/p -2, 

A ns-- lTm+l D e n o t e  Iio := [-�89 "~TkN,k(io--1)T1,TkN,k(io--1)+l "~ �89 for all ~ E ~ + u  "s,~,~" 
A rjs--1 T m + l  Then for each ~ E , ~ + u  ~8,v,~, 

(4.13) IIX(:~,l!k,N,io -- ~(s-1)HL,(i,o) >_ 2-4(k - 1)c(p,r,s)(kN) -r+s+l/p-2. 

Recall tha t  ~(s-1) is continuous and nondecreasing in [_7,  ~], thus in Iio C_ 
[ 3,3].  So if 

(4.14) 0 _< ~(s-1)(t) <_ c(p,r, s)(kN) -~+8+Wp-1, t EIi o, 

then we may apply Corollary 1 (with s replaced by s - 1) with v = rkg,k(io-1)+l, 
b = c(p, r, s)(kN) -r+s+Wp-1, a -- �89 and A -- 2-4(k-1)c(p, r, s)(kN) -r+s+l/p-2, 
to obtain 

[tXp,~,s,k,N,io -- ~[t5~(I~ o) >-- 2-s~-Ss-t0( k -- 1)2c(p, r, s)(kN) -r+s+l/p-3. 

We conclude tha t  

(4.15) ]lkpx,s,k,N,io -- ~[IL~[-~,]] --> 2-s2-5s-m(  k -- 1)2c(P, r, s)(kN) -r+s+'/p-3" 

If (4,14) does not hold, then we may have tha t  

~ ( s - 1 ) ( _ ~  .~_ TkN,k(io-1)+l) <-- -2-1CN-2c(p,  r, s)(kN)-r+s+l/P -1, 

o r  

~(s-1)(TkN,k(io_l)+l -~ 1/2) _> (1 + 2-1CN-:)c(p, r, 8)(kN) -r+s+l/p-1 

for some C > 0, to be prescribed. In view of the monotonici ty of ~(8-;) in [ -7 ,  ~], 

we have 

(s-i) IXp,r,s,k,N,io(t)- ~(s-1)(t)l _> 2-1CN-2c(p,r,s)(kN) -r+s+i/p-1, t E Jo, 



Vol. 133, 2003 S H A P E  P R E S E R V I N G  W I D T H S  OF  S O B O L E V - T Y P E  CLASSES 265 

where Jo = [ - 7 ,  _3 ]  in the former case and Jo = 13, 7] in the latter.  Lemma 1 

then implies the existence of a Js-1 C Jo, of length IJs_ll _> 2 -2s-1 ,  such tha t  

IXp,r,s,k,N,io(t) --~(t)l >_ 2-s2-2s-lCN-2c(p,  r, s)(kN) -r+s+l/p-1 t E Js-1, 

which in tu rn  yields 

IIXp,r,s,k,N,io -- ~llL,(J~_l) >-- 2-s~-4s-2CN-2c(p, r, s)(kN) -~+~+1/p-1. 

We conclude tha t  in either case 

(4.16) IIxp,~,s,k,N,~o -- ~IIL,[-~,~] > 2-~:-4~-2Ck2c(p, r, s)(kN) -r+s+l/p-3. 

Otherwise, again due to  the monotonici ty  of ~(s-1) in [_7 ,  7], we have 

- 2-1CN-2c(p, r, s)(kN) -r+s+l/p-1 < ~(s-1)(t) 
(4.17) 

< (1 + 2-1CN-2)c(p, r, s)(kN) -r+s+Wp-1, t E Iio. 

Denote 

~s-l(t) :---- (1 + CN-2)-l(~(s-1)(t) + 2-1CN-2 c(p, r, s)(kN)-r+s+l/P-1), 

and it readily follows by (4.17) tha t  0 <: ~s-l(t) < c(p,r,s)(kN) -r+s+Up-1, 
t E Iio. Also, by virtue of (4.13), 

(4.18) 

~[]~(p:~:!k,N,io -- ~(s-1)HLl(Iio) --H ~ ( s - 1 )  --  Cs-lHLl(llo) 

~ 2 - 4 ( k  -- 1)c(p, r, s)(kN) -'+s+I/p-2 - 115 (~-1) - C~-~ IIc(z,o)llo[ 
_>2-4(k - 1)c(p, r, s)(kN) -r+~+l/p-2 

- (1 + CN-2)-ICN-2(II~(s-1)IIc(I~o) + 2-Ic(p,r, s)(kN) -~+~+1/p-1) 

>_2-4(k - 1)c(p, r, s)(kN) -r+~+l/p-2 

- (1 + CN-2)- ICN-2(1  + 2-1CN -2 + 2-1)c(p,r, s)(kN) -r+~+l/p-1 

_>2-4(k - 1)c(p, r, s)(kN) -r+s+Wp-2 - 2CN-2c(p, r, s)(kN) -r+s+i/p-1 

= ( 2 - 4 k  -1 (k - 1) - 2CN-1)c(p, r, s)(kN)-~+s+l/P-lN-1. 

(Observe tha t  N > 3 and k >_ 2, so taking C < 2 -5 guarantees tha t  the last 

quant i ty  is positive.) Set 

8--2 

~(t) : ~ - E  ~(v)(TkN,k(io_l)+l)(t -- TkN,k(io_l)+l) v 

- -  ~s-l(7")(t - T)~-2dr.  
+ ( s - -  2)! ~ ~(,o ,)+~ 
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Then  we note t h a t  ~ ( s - 1 )  = ~ s - 1  is nondecreasing in Iio, so applying Corol lary 

1 (with s replaced by s - 1) for W = TkN,k(io-1)+X, b = c(p, r, s ) (kN)  -~+~+Wp-1, 
1 A = ( 2 - 4 k - l ( k  - 1) - 2CN-1)c(p ,  r, s ) ( kN) - r+~+I /p - IN  -1 and a = ~ we obta in  

(4.19) 

][~p,r,s,k,N,io--~]IL1 (I~o) ~> 2 - s 2 - 5 s - 1 ~  r, 8)(kN) -r+s+l/p-3. 

Now, by Taylor ' s  formula  we have 

-- - (~ s - t ( r )  - ~(s -1) ( r ) ) ( t  - r)S-2dw, 
~(t)  - ~(t)  (s 2)! kN,~(,o-~+~ 

Hence, as in (4.18), 

2-s+a  

2-s+2 
~ s ~ C N - 2 c ( p , r , s ) ( k N ) - r + s + t / P - 1  

2-s+2 
- s---iff- " Ck2c(p, r, s ) (kN)  -~+s+Wp-3, 

which by (4.19) yields 

t E Iio. 

I I ~ p , ~ , ~ , k , N , i o  - -  ~llL~(1~o) 
>_ II~p,~,~,~,N#o - ~ I I L , ( I ,  o )  - I1~ - ' Z I I L ~ ( I ~ o )  

>_ 2-s2-Ss - l~  - 1 - 2 5 6 k N - 1 )  2 - 2s2+4s+12Ck2)c(p, r, s ) (kN)  -r+s+l/p-3. 

So we conclude tha t  

(4.20) 

_> 2 - ~ - 5 ~ - 1 ~  - 1 - 25CKN-1) 2 -- 2s2+4s+12Ck2)c(p, r, s ) (kN)  -r+s+l/p-3. 

If  we take 

c(s, k, C) := m i n { 2 - s 2 - 5 s - l ~  - 1) 2, 2-s2-4s-2Ck  2, 

2 - ~ - 5 s - l ~  - 1 - 2 5 C k N - t )  2 - 2~2+4~+12Ck2)} 

A /18- -1Tm+l  then by combining (4.15), (4.16) and (4.20) we have, for each ~ E , - ,+~  -s,, ,~,,  

IIXp,r,s,k,N,io -- ~IILI[-},}] -> c(s, k, C)c(p, r, s ) (kN)  -r+s+Wp-3. 

Now, s t ra ightforward computa t ions  show tha t  if we take C := 2 -s2-4s-14,  then  

c(s, k, C) _> 2 -2k  2, so tha t  taking k = 2 s2+3s+6 yields (4.9), and in tu rn  proves 



Vol. 133, 2003 S H A P E  P R E S E R V I N G  W I D T H S  O F  S O B O L E V - T Y P E  C L A S S E S  267 

(4.8). By v i r tue  of (4.4) th rough  (4.7) we conclude t ha t  

d,~ ( A ~+ W p  , A S+ L q ) nq 

_> 2-1+l/q(282+~ - 2s-9)2(~2+3~+6)(-r+~+l/P-3)c(p,  r, s ) N  -~+~+1/p-3 - 3e, 

for every e > 0, whence wi thou t  c too,  and  for m = n, N = n + 3, we ob ta in  

d I A s  w r  A s L ~ > cn - r + s + l / p - 3 ,  nl, +VVp, + q)Lq _ 

where c = c(r,  s , p ,  q) > 0. This  comple tes  the  proof  of the  lower bounds  in (1.1) 

for s = 3 . . . .  , r.  

For s = r + 1, we observe t ha t  the lower bounds  in (1.2) are independen t  of 

1 _< p _< oo, so it suffices to es tabl ish  t hem for the  smal les t  class, namely,  for 
Ar+llflZr ~+Ar+ll/l':r'" c,o, since --+A r+ll/Vr,,~ c_ ~ +  ,, p, 1 _< p _< oo. We also note  t ha t  

= l ( t -  - = TkN,k(i_l)+l ) , i 1 , . . . , N  

A r + l l / V r  1 < i < N .  Thus  we do is different iable r t imes  and )~ , r , k ,N , i  C ~ +  ,. ~ ,  _ _ 

not  need the e labora te  cons t ruc t ion  we had  before and can work d i rec t ly  wi th  

\oo,r,k,N,i,  1 < i < N .  Therefore,  if we denote  N N Xoo,r,k := {koo,r,k,N,i}i=l, then  
-t- N A r + l  i/lZr $1 (X~,~,k) C ~ +  ,, ~ .  Using the d iscre t iza t ion  ope ra to r  A k , N ,  defined above,  

we prove as before (see (4.12)) t ha t  

r -1- .N 1 d m + l ( A k , N d  S 1 (~xoo,r,k), A+)IN ~-- 2 - -1 (  k - -  1)kN-ldm+l(S+(t~N)), A~_)/~ 
_> 2 - 4 ( k -  1 ) k N  -1 .  

Then,  we proceed as before to conclude t ha t  

d {Ar+ll/lZr n~--+ "'co, Al+Lq)Lq > c n - 2 ,  

where c = c(r,  q) > 0. This  comple tes  the  proof  of the  lower b o u n d  in (1.2), and  

concludes the  proof  of our  theorem.  | 
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