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ABSTRACT

Let I be a finite interval and » € N. Denote by A% Lq the subset of all
functions y € L, such that the s-difference Afy(-) is nonnegative on I,
V7 > 0. Further, denote by Aj_ W; the class of functions x on I with the
seminorm |lx(')l|Lp <1,suchthat ASz>0,7>0. Fors=3,...,r+1,
we obtain two-sided estimates of the shape preserving widths

dn (ASWT AS L = inf su inf T — s

n (A3W5, A% q)Lq Mremn zeAipr yEMPNASL L, llz = lizg

where M™ is the set of all linear manifolds M™ in Ly, dim M™ < n, such
that M® NAS Ly # 0.
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1. Introduction and statement of the main results

Let X be a real linear space of vectors x with a norm ||z|lx, W C X, W # @
and V C X,V # . Let L™ be a subspace in X of dimension dim L™ < n, n > 0
and M"™ = M™(z) := z+ L™ be a shift of the subspace L™ by an arbitrary vector
z€ X. If M™ NV # 0, then we denote by

n e . _
B, M"nV)x = _inf o= ylx

the best approximation of the vector x € X by M" NV, and by

EW,M"NV)x := su%E(x, M*NV)x
z€
the deviation of the set W from M" N V.

Let M™ = M"™(X, V) be the set of all linear manifolds M™, dim M™ < n such

that M™ NV # (. The quantity

d, (W, V)x := MnirelanE(W,M" NVix, n>0
is called the relative n-width of W with the constraint V' in X. These widths
were introduced by the first author in [1].

Evidently, if V = X, then the relative n-width d,(W,V)x coincides with the
Kolmogorov n-width d,(W)x. Clearly, d,(W,V)x > dn(W)x.

Let I be a finite interval in R, and let 7 € N. We will take [ = [-1,1] as
the generic interval and we will omit referring to it in the notation whenever the
interval we deal with is I; for instance, we write || - ||z, for ||+ ||z, (r). We will use
other intervals and the whole real line R and we will make clear in the notation
whenever we deal with them. For 1 < p < oo, we denote

Wy = Wy(I) = {z: I = R| 2" € ACioe(I), |z, < 1},

where AC),.(I) is the collection of all functions defined on I which are absolutely
continuous in every closed subinterval of (—1,1). Let

Adz(t) == Z(_l)s—’c (;);n(t + k1), {t,t+st}ClIl, s=0,1,...,
k=0

be the s-th difference of the function x, with step 7 > 0, and denote byA{ W =

AiW;(I), s =0,1,..., the subclass of functions x € W, for which Asz(t) > 0,

for all 7 > 0 such that [t,t4+s7] C I. By A} L, = A% Ly(I) we denote the subclass

of all functions y € Ly(I) such that Ay(t) > 0, 7 > 0. In recent years, shape
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preserving approximation has become a central subject especially in applications.
This is due to the fact that in CAGD and especially in questions of design, shape
preservation is one of the main considerations. Our results below show what
one may expect to achieve and what is beyond the reach of any approximation
process which involves approximation from linear n-dimensional manifolds, when
we preserve the shape of the approximants.

In this paper we prove the following

THEOREM: Letr €N, s€ Nand1<p,q<o0. For3< s <r, we have

(1.1) dn (AiW;,AiLq)Lq = 71,—1‘+s+1/11—37 n>r.

Also, ifs=r+1,r > 2, then
(1.2) dn (AYTIWEL AT L) x0T 2

Remarks: (i) Note that the asymptotic relations are independent of g.

(ii) The upper bounds are achieved by piecewise polynomials of degree =< r,
with n knots, that are elements of Aj_Cs‘2. For 3 < s < r, the knots are
equidistant; however, if s = r + 1, r > 2, then we are unable to guarantee that,
and in our construction the knots are not equidistant.

(iii) It is worthwhile noting that as a byproduct we may conclude that the lower
bound in (1.1) with s = 7 > 3 excludes the possibility of Jackson-type estimates
involving the fourth modulus of smoothness of x evaluated at 1/n, in s-monotone
approximation of z, by piecewise polynomials or splines with n equidistant knots
and thus also not by polynomials of degree < n. Moreover, it even excludes
Jackson-type estimates involving the generally bigger Cn=3w(z®,n=1),.

Recall that up until now we knew that Shvedov [6] had shown that Jackson-
type estimates of s~-monotone approximation of an s-monotone z, by polynomials
of degree < n, cannot be had with Cw,y2(z,n™"),. Thus the above is somewhat
unexpected in view of what seemed like a pattern that we have Jackson-type
estimates involving Cws(z,n~1), for monotone approximation, and by Shvedov
6], it is impossible to have such estimates with w3(z,n~1),; and we have Jackson-
type estimates for convex approximation involving ws(z,n~1),, while again by
Shvedov [6], it is impossible to have such estimates with wq(z,n™1),.

It is interesting to compare the above asymptotic relations with earlier results.
Surprisingly, they are quite different. For instance, for s = 1,2, these relations,
in general, do depend on g as we have shown in [5], namely,
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THEOREM KL1: Let s = 1,2, s < r € N, and 1 < p,q < oo, be such that
r—1/p+1/¢>0. Then

da (AL W], A% Ly), < n~ /P - >
If, on the other hand, s =r + 1 = 2, then
dn(AiW,},AiLq)Lq =<n 17V p>1.
It is also worthwhile to see what kind of asymptotic relations are known for
the unconstrained widths. In this case we have shown [3]

THEOREM KL2: Letr € Nand 1< p,q < oo be such thatr—1/p+1/q > 0. If,
(r,p) # (1,1), and if (r,p) = (1,1) and 1 < q < 2, then for each s =0,1,...,r,

dn(AS W), < prHmax{1/p,1/2}-max{1/¢,1/21)+ = 5 > o
If, on the other hand, (r,p) = (1,1) and 2 < q < oo, then for s = 0,1,

en~? < do(AS W), < czn_l/z(log(n + 1))3/27 n>1,
where ¢; > 0 and ¢y do not depend on n. Furthermore,

dn(A:.—FlW;)Lq = n—r—max{l/q,1/2}, n>r

2. Some auxiliary lemmas

In order to prove our theorem, we need a few lemmas. The first was proved by
the authors in [5, Lemma 1].

LEMMA A: Let J be a finite interval, and let {t;}I_, be a collection of r € N
disjoint points in J. Set 6, := 1 and 6, := min{Jt; — t;|,% # j} for r > 1. Then
for any function x such that x(") € Ly(J),

r(r-1) r—1
2 |71

(max el +

r_ (Yl
2l o () < m(a) ”x(r)”Ll(J)>'
A similar result was proved by the authors in [4, Lemma 1].
LEMMA B: Let J = [a,b] and m € N, and set t; = ty,; := a+im~|J|, i =
0,...,m. Then for every function x such that " € Lyo(J),
1
-1 -1
1N < 201 g fe(t)] + 3™ I

Next we need a result concerning Jackson-type estimates of the simultane-
ous approximation of 3-monotone function by 3-monotone quadratic splines with
equidistant knots (see [4]).
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LEMMA C: Let J = [a,b] and = € AiWS(J), 1 <p< oo FormeN, let
ti = tms == a+im~YJ|, i = 0,...,m. Then there exists a quadratic spline
o2.m(x; ) with knots t;, i = 0,1,...,m, such that

2" (tic1) < 0y (@t) < 2"(t:), tE€(timy,t), i=1,...,m,

and

le(:) = o2,m(@; Wiwwy < sm=>HYPIIP=YP)

oW

12'() = O5m (3 Mty < 5=,
I () = 05 (5 Mgy < 7 HHHPTI,
Next we have

LEMMA 1: Let J = [a,b] and z € C*(J), s € N. If mingey |z (t)] > 4 >
0, then there exists a subinterval J; C J, of length |Js| = 47%|J|, such that
mintEJs |x(t)| 2 2A$(8+1)|J|SA.

Proof: Denote ¢ := 1(a +b), and assume (=Y (c) > 0. Then from
t
V() = 267V (¢) +/ @) (r)dr, telJ,

it follows that if z(5)(t) > A, t € J, then 2>~V (t) > A(t—c), t € [c,b]. Hence for
J1 :=[4(c+b), b], which is of length |J| /4, we have 2(* =1 (¢t) > 47| J|A. If, on the
other hand, z(®)(t) < —A, t € J, then —25~V(t) < —~A(c — t), t € [a,¢]. Hence
we have —z(*=D(t) < —47!|J|4, in the interval J; := [a, 2 (a + ¢)]. The proof is
similar if 23~V (c) < 0. Thus, in all cases we have established the existence of
the interval Jy, |J;]| > |J|/4, such that |2(=D(t)| > 47| J|A, t € J. Now the
rest of the proof readily follows by induction. [

We apply Lemma 1 to prove

LEMMA 2: Fors € N, denote x(t) := 5t5,t € R, and for s > 1 let £ € C*[—a, a,
a > 0, be such that £®) is nondecreasing and 0 < £(*) < 1 in [—a,a]. Then, if

(21) ” 'gS) - £(3)|IL1[—a,a] > A,
where 0 < A < a, then
(2.2) Ixs = Ellpafmanay = 27° ~* %1 4%

Proof: Denote
Is(t) := xs(t) — £(t), te€[—a,al



244 V. N. KONOVALOV AND D. LEVIATAN Isr. J. Math.

It is clear from our assumptions that 65°~ ) is decreasing and concave in [—a, 0],
and it is increasing and concave in [0, a]. Assume first that

(2.3) max{J{*V(-a), 6 V(a)} < 274142
Then by (2.1),
A< ”6§8)“L1[“‘a,a]

0 a
= - 5g8>(t)dt+/ 88 (t)dt
0

—-a
= 6D(=a) - 25070(0) + 6 V(a),
which by virtue of (2.3) implies

(2.4) 86~V(0) < —A4/2+ 2% 1A%
If
2-4q71A2, t €[-a,—A/2],
Coor(t) := 3 |t — A/2+27%a 142, te[-A/2,A/2),
2740142, t €[A/2,d],

then it follows by (2.4) that 68" (0) < (,—1(0). Since [67(t)] < 1, and
Ci_1(@t) =1, t € [-A/2,A/2], t # 0, we conclude that the graph of Y
in that interval is below that of {,_1, i.e.,

(2.5) 5CI(E) S Gomr(0), t € [~A/2, A/2].

Also since 6" is nonincreasing in [—a,—A/2] and nondecreasing in [A/2, a], it
foliows from (2.3) that

88D < G (t), te[—a,—A/2JU[A/2,d],
which combined with (2.5) yields
(2.6) 66I(t) < Co1(t), te€][-a,al.
Let .
Cs—2(t) :=/ Cs—1{r)dr, t€[-a,al]
0

Then it is an odd function, it is nondecreasing in [—a,—A4/2 + 27%a~1 A%, and
it is nonicreasing in [-A/2 + 27%a"142%,0]. At tpax = —A/2 +27%a"1A? it has
a local maximum and symmetrically, at tmin := A/2 — 27 %a"1A? it has a local
minimum. It is easy to calculate that

Cs——2("a) = (2_3 - 2_4)A27 C3-2(a) = _(2_3 - 2—4)‘42'
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Hence,

(2.7 Com2(t) > Goma(—a) = 27442, t € [-a/2, tmax],
' Cs—‘Z(t) S Cs—2(3) = —2_4A2, t e [tmin,&/Q].

Now

/t(Cs—l(T) =8P D(r)dr = Go—a(t) — 6072 (8) + 687 2(0).
0
Thus by (2.6) and (2.7},

87 (t) 2 672H0) + Goalt)

2.8
28) > 86D(0) +27%4%,  t € [~ tmax],
and

8D (1) < 687D(0) + (st

< 87D(0) — 27442t € [tmin, a]-
If 6°~%(0) > 0, then by (2.8) we obtain
887Dy > 2742, t € [—a, tmax)-
Otherwise, by (2.9) we get
§$D(t) < —2744%, t € [tmins al.
Hence we conclude that

9 : (s—2) > 9—4 42
(2.10) min |75 (t)] 2 27747,

where Jp is either [—a, tmax] OF [tmin. @). Our assumption that A < a implies that
tmax = —A/2+27%a" 1A% > —a/2 and = 4/2 - 27% 1A% < a/2, so that
(2.11) |Jo| > a/2.

For s = 2, (2.10) and (2.11) yield (2.2). If s > 2, then we apply Lemma, 1
and obtain by (2.10) and (2.11) that there exists an interval Js_o C Jy of length
[Js—a| = 2724 Jy| > 2725%3a such that

min |6, (£)] > 27 +25-44°-242,
ter-2 -

This in turn implies

2
”X's - é”LI[—au‘l] 2 “(SSHLI(Js—Z) >27¢ +Ias'1A2,
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and (2.2) has been proved for s > 2. On the other hand, if (2.3) fails, then due
to symmetry, we may assume without loss of generality that

X8V (=a) — €67V (—a) > 274" 1A%

Suppose that
X8 (—a/2) - €67V (=a/2) > —27%a 1 A%

Then by the concavity of 6°") in [—a, —a/2], we have
58 V(t) > —272a72A%(t + 3a/4), t€ [~a,—a/2).

In particular
68 V(t) > 2% 4%, t€[-a,—Ta/8]

We apply Lemma 1 with Jp := [—~a, —7a/8] and obtain an interval J;_; C Jo of
length |J,_1| > 2728%2|Jp| = 2725~ 1q, such that

min |65(t)] > s —28-245-2 42

teJs—1
Hence,
2 — —
(2.12) lIxs — €”L1[—a,a] 2 ”(ssnLl(Js—l) > 270 THs g4,
Otherwise

T (=a/2) = €67V (—a/2) < —27Pa71 A%,
and since 6" ") is nonincreasing in [—a/2,0], we obtain
60 V(t) < —27% 1A%, t e [-a/2,0].

Once more we apply Lemma 1, this time with Jy := [—a/2,0], and obtain an
interval J,_; C Jg of length |Jo_1| > 2725%2| Jy| = 2725 1q, such that

: ) > 2——32—3 8—2A2‘
in |0,(e)| 2 a

Hence,
(2-13) ”Xs - §”L1[—a,a] 2 Hés“Ll(Js_l) > 27¢ —28_2‘18_1142-

Combining (2.12) and (2.13), we have proved (2.2) for s > 2 in this case too.
This completes the proof of Lemma 2. 1

An immediate consequence is
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COROLLARY 1: For 7 € R and b > 0, denote
b 1
Xs,T,b(t) = y(t - T)+, teR, seN

Let s> 1 and ¢ € C*[r —a,T+a], a > 0, and assume that ¥*) is nondecreasing
and 0 < ¢©)(t) < b, in [T — a,7 + a]. Then, if

“X:-,)—‘b - '(/)(8)||L1[T—-a,7+a] > A-:
where 0 < A < agb, then
2_ — — a—
“Xs,‘r,b . d)”L1[‘r—a,T+a] Z Pt 4s 3(1,3 1b 1A2.

In the sequel we use the standard notation for the unit vectors along the axes,
namely,

E™ = {e®}r_,, e® :=(0,...,1,...,0) with the 1 is standing in the ith entry,
and also we use
E™ = {eW)2,, eM = (1,1,...,1),6? :=(0,1,...,1),...,6M™ = (0,...,0,1).

Finally, the following was proved in [5, Lemma 4]

LEMMA D: Let m € Z; andn € N be such that m+1 <n,andlet 1 <p<q <
oo. Denote by

n
S;(E") ={v|v:= Zaié(i), a=(a1y...,a4y) ER*, a; >0,i=1,...,n,
i=1
laflm <1}
the positive p-sector over the system E™, and by
Ai ={r=(x1,...,2n) |21 < - <z}
the cone of vectors x with nondecreasing coordinates in R”. Then

dm (S (E™), AL )i >

CO|
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3. The upper bounds

Proof of the upper bounds: First take s = r > 3. It follows by Lemma C
that there exists a quadratic spline oz,n(z("3); -} with knots t; = t,; := i/n,
1=10,%1...,4n, such that

2D (tim1) < 0 (@TV58) <207D(E), te (tiont), i=-n+1,...n,

and
3
||x(r—3)(.) _ Uz’n(x(r—ff); Moo < §n_3+1/p’
(31) 22 0) = 5@ 5y < T,
eV () = o5 o (373, < nTHHYP

For r = 3, this spline provides us with the required upper bound. If » > 3, then
by Taylor’s formula, the spline

r—4

1
Oro1n(@it) =) 520 (Ot +
=0

t
& 1 ) / oon(x" Yt — ) 4y, tel
- J,

yields

1 i
z(t)—op_1n(x;t) = " /0 (1) = oo n (1))t —7)"4dr, tel,

—4)!
whence by (3.1) we obtain

n—3+1/p‘

z() = or—1n(® )L < (r—3)!

Thus the case s = r > 3 is proved.
Assume that 3 < s < r. First we construct a spline agyr,n(:z:(s‘g’); -}, which is
not necessarily in A§ Ly, so that

“73(3_3)(') - Us,r,n(x(8_3); Meo < Cnr_sH/p_Ba

where ¢ = ¢(s,r,p). Then we will modify it a little so as to keep it close to x
while at the same time be in A% Ly. Denote by

Jpp— e [ti-l’ti}’ i=1,...,n
fi=lni = {[tutiﬂ], i=-n,...,—1
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the intervals of the partition. On each interval I;, we define two complementary
cubic splines p,; and ¢} as follows. For i =1,...,n, set

, =32n3, t;_y <t<ti_1+1/4n
‘me)( t) == { 32n3, tir+1/dn<t<t;—1/4n
=320 t;—1/4n <t <t

and
o1 ® = -,
Now let
¢ @ v
* /! *
)= [ o@man o' w= [ @@ te,
ti—1 t;
t ¢
*/ *
= [ elmdn o0 [ o @an tel,
ti—1 t;
t t )
@4i(t) :=/ Philr)dr, @it :=/ @i (T)dr, tel,.
t, t,—1
Fori= —n,...,—1 we set
Vuilt) = @u—i(—t), te;
and

i (t) == (—t), te

Al] the above functions are piecewise cubic polynomials on the respective inter-
vals, and it is readily seen that

Pri(ti-1) = @i (i) =1, wu(ti) = i (ti-1) =0, i=1,...,n,
Puiltive) = @i (ti) =1, @u(t:) =@ (ti41) =0, i=-n,...,—1,
Gliltizn) = 9} (8) = 0, @li(ts) =@} (tica) =0, i=1,...,n,
Pliltie) = 0 (8) = 0, @li(ts) =@} (tig1) =0, i=-n,...,—1,
Pliltic) =9 (t) =0, @l(t) =9;"(tis) =0, i=1,...,n,
Priltiv) = 97" (t:) =0, @li(ts) = 91" (tig1) =0, i=-n,...,~1.

Furthermore, for all i = 4-1,..., +n,

(3.2)

(33) 0<pu(t)<1, 0<yi(t)<1, and ¢u(t)+¢i(t)=1, tel,.
Thus, in particular,

(3.4) “99*1‘”Lm(11) = “‘p;“Lm(h) =1, it==1,...,+n.
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Also

%ill Loty = 1905 Lo 2y = 27,
1t

(3.5) el = l0F Loy = 812,
e Ny = l0r P w ) = 320°, i=21,...,%n.

Let 0 < k < r and assume y € C*(I). For 1 < i < m, let m. x(y; i;t) and 7} (y; 3;¢)
denote the Taylor polynomials of degree k of y, expanded respectively, about the
left-hand and right-hand endpoints of the interval I;, that is,

k
, 1 ,
W*,k(y; 4 t) = Z ﬁy(l)(tn,z——l)(t - tn,i—l)lv 1= 17 S, N,
=0 "
£
mwit) =Y myO)E - ), i=1....n

{

1l
o

Symmetrically, for —n < i < —1, let 7, x(y;4;t) and 75 (y;4;t), ¢ = —n,...,—1
denote the Taylor polynomials of degree k of y, expanded respectively, about the
right-hand and left-hand endpoints of the interval I;.

We are ready to define the approximating splines for x € A% W[, namely, for
i==1,...,%n, set

as,r,n(x(s_:’);t) = 1['*‘,,‘_34_2(5!3(3_3); 45 8)u(t) + w:_s+2(x(8'3);i; tpi(t), tel,.

Evidently, 0, ,»(z*~%;.) € C?(I), and it is a polynomial of degree < r — s +5
on each interval of the refined partition. We are going to prove that

(3.6) |23 () = g n(@E73; ) T Hst1/p=3

1
3L —
lewect < (r—s+2)!

Indeed, it follows by (3.3) that for each 1 < i < n,

2¢3() = 0rn (@5 ML ()
= |00 7) = (Farmsra (@585 )0 () + 1742 (758596 (D oo
= (@73 () = murmsp2(@ D56 ))pui()

+ (@) = o (55 ) 0F (ML)

< max{lle ™ —my o2 @5 0) o1, 47D = (2O D Ltro} -
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Now, by Taylor’s formula and Holder’s inequality, we obtain for t € I;, 1 < i < n,

3. 1 ¢ _
D) = 7o pereaa 5000 < i | RN 7
1 .
< m||x(r)(’)l|z:,,(1i)ifi|r s-i/pts
( 1 ),n—r+3+1/p—3.
T (r—s+2)!
Similarly
3 3 1 b 2
0 ~ 7ot 0] € e [ -
( 1 )'n—r+s+1/l7—3'
T (r—s+2)!
Therefore
1
(=3) () — (s=3). 4. L -rHstl/p-3
B 12070 = Taroara@O i Mt € Gy gt
and
1
-3 * =3). ;. - 1/p—-3
(3.8) ||;c(3 )() — 71'7,_3_4_2(3;(8 )*Z")“Lm(h) < mn rHst+l/p-3
and (3.6) is established for ¢ = 1,...,n. For i = —1,..., —n the proof is similar.
In the same way we have for i = +1,...,%n,
flrts=3m () — in;) s+2(r(s_3)'i§ M)

(3.9) = 23 () = mypmegrmm (™ 1
< ______1—_n—r+s+1/p—3+m m=1.2.3
“(r—s+2-—m)! ’

and
[le=34m () — 7T:—s+2(m)(35(s T TR

(3.10) = 273 m() - ﬂ;‘_s+2_m(w(s =) b L)

1 n-r+s+1/p——3+m m=1.23
S (r—s+2-m) ‘

Now, for the third derivative of o, ,, which exists a.e. in I;, 1 < |i| < n, we
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obtain by (3.3) through (3.5),

N

3
3 3 * *
= 3 ()i 0 + 7™ 506 0)

m=0
3

SUEDY (i) @) - a7 @6 )l ™ (1)

m=0
3

3 s—3+m * - . *
- (m) @O (1) = w55 0)er T (1)
m=0

3

3 -
= x(s)(t) — Z ( )(l‘(s—3+m)(t) _ 7r*,r—s+2—m(x(s-3+m);’l.§ t))‘PS) m)(t)
m=0 m
3
_ 3 g=3m ) _gx o (gle=3m) gy o= ().
m s4+2—m i
m=0

This, together with (3.7) through (3.10), yields
(3.11)
2 () - og?r)’ (¢~ (1) < én “rstl/p o getel;, 1<li<n,
where
. 64 48 12 1
St (st D) s T r—s-1T

We have to modify the spline as,r,n(a:(s‘:‘); -) so that its second derivative is
monotone. To this end, we take

(3.12) m = m(s,r) = 928(r — s),

and set

oy ) tiat k(ﬁm)‘l
tz,k =1y i,k = {ti-(—l _ k(ﬁm)‘l,

Let

L.=1 ..:= [ti,k—lagi,k]» k=1,...,ﬁ3, i=1""’n’
ik = Ingdk = [ti,k,ti,k—l]a k=1,...,m, i=-1,...,—n.

The sth derivative z(*) is called small in I;, 1 < |i| < n if there exist at least
2(r — s)(< 1) subintervals I; ,, and points 7; ; € I; x;, such that

(3.13) 2 (1 ,) < 26n~THeFVP,

Otherwise x(*) is called big in I;.
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If £(9)(.) is small in I;,, let J, := [t,,t,-], —n < v, < v* < n, be the biggest
interval containing I, , so that z® is small in I, v, < v < v* — 1. Since in I,
there are at least 7 — s disjoint points 7, x, , any two of which are at distance of at
least (ran)~!. Applying Lemma A and (3.13), we obtain by Holder’s inequality,

[ESUTATA
r—S8 m(f«S)(;—s—l)
~ (r—s-1)!

1 rds—
X (maxlx(s)(n,k]ﬂ + (r—s— 1)!71 e 1||51"(T)HL1(I,,))
< r—5 IS
“(r—-s-1)!
~ —_— 1 -
X (2cn 7‘+s+l/p+ (T—:S——l)'n r+s+l/p”x(”‘)”LP(IV))
—_— r—s)(r—s— 1
T (r _T s _5 1)'7?1,%—1_) (26 * (r—s— 1)')n_f+s+l/p'
Hence
(3.14) ”x(s)”Lm(J.) < C*n—r+s+1/?’7
where
r—s N frmsir—s—1)
Cy '= 2 3¢

mm

We divide J, into subintervals J,; := [7, j_1,745], 1 < § < J = J(n,m,, Ji), of
length |J,;| = (m.n)~?, where
(3.15) M = 2784(r — s)m

By virtue of Lemma 2 there exists a quadratic spline a5, (:c(s_3); - J,) with knots
T«; such that

(1 1) € 0@ 0,) <28 V(n), tE (Tuj1sTag),

forall j =1,..., J(n,m,, J,), and

¢ () = 02,mun (@55 T b ) £ Sman) 3|z ),

3ol

[2CD() = 0 mn (@55 T Ly < §(m*")—2||$(3)l|Lm(J*)»

[0 = 05 o (@55 T L 0y € (mar) 2@ 1 )
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This in turn yields, by (3.14),

3
1279C) = o2man (@7 5 T2y S mPSean™THHPT,

(3.16) =D () - o 263,

— 1/p-2
2,m*n( n r+stl/p s

o7
I L) m*2§6'*

1267C) = 04 (@75 Tl p o) < MT eI
We replace 0 ;. (x(*~%);t) on J, with gq ,(2~%);; J,), and set
6s,r,n(x(s_3)§ t):= OQ,n(.T(s—S); t;Ji), te .

There may be a few intervals of the type J,, all of course being mutually disjoint.
In the extreme case it may be that J, = I, in which case of course we are done.
Otherwise z(*)(-) is big in some subintervals I;, so let I, be such an interval. Let
{ILio,%, C Ij,}, be the collections of all 0 < m = m(Il;,) < 2(r — s) subintervals
each of which contains a point Tio k, such that
(3.17) 2 (T 4;) < 287 THH/P,
Define
(3) ((s=3). 4) . 2enTHRUP te Iy

Gy (T07758) { 0, otherwise
(3.18) and
S A
3] €GO

ig

&io (‘E(s_s); t) =

where &, := 1(t;_1 +t;,). It follows by (3.17) that
(3.19) €V, 1D (ti1)| < hTI2(r — s)2en TIP3 12012,
Also note that on all other subintervals of I;, we have
(3.20) 2@ (t) > 2en~ e FL/P,
Now set
Forn(2C7358) 1= 04 pn (@75 ) + &, (2C758), e L.

This defines spline pieces with possible discontinuities at the points ¢; and we
need to join them smoothly together. To this end, write

Du0i(t) := puilt), &4, (t) =i (t), te€l, i==1,...,%n,
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and let
R NS B
Puri(t) := "E‘P*i(‘i(t —t;) +t), @(t) = 5%(5( —ti1) +ti1),
2 1 2 1
Pu2i(t) == ﬁ%i(z(t —ti)+t), ¢3(t) = ﬁ%(z(t —ti—1) +ti-1),

tel, 1<i<n
and
¢*li(t) = ¢*l,—i(_t)1 4)7,,({) = ¢Z~z(_t)’ l= 01 11 2a —n S i S —1.

Let 1 < ¢ < n. Straightforward computations yield

Guri(tic1) = —(2n)7Y,  @u1;(ti) =0, lpsrill Loy = (2n)~1,
#7;(ti-1) =0, 'li(?)): (2n)~1, |||¢:{i||ﬁoo(m =(2n)71,
=1, (t) =0 sl L (ry =1,
3.91 *11( ) :h i ) :12 oo (I})
G20 gy =0, =1 et ey =1,
:l}l(tz—l) =0, gl}‘l(ti) =0, ||¢I1;,||Lw(1,) = 2n,
1 ( ) =0, 1i (ti) =0, ||¢1i ”Loo(],) = 2n,
and
Puniltiz1) = tn72, $u2i{t:) = 0, lga2illo iy = g2
¢21( i— 1) - 0 ¢2L(t ) é 27 ||¢21||Loo([:) - én 2’
(3_22) *2/2(t1 1) _(2n)_1~ *2/1(t1) =0, ) ||¢:<2/i|lLoo(Iz) - (271)
’;i (ti-1) =0, ?%; (t:;) = (2n)7", ”‘b%i “Loo(lz) = (271)
*52}',(1":’—1) =1, i’z}l(ti) =0, ||¢*2li/”Lm(11) =1,
5 (ti-1) =0, 5 () =1, 193 | L1y = 1.
Also,
3 3
(3.23) 1055 iy = 407 150 ) = 7

*v'(S)”Loo(Iz) =n.

« (3
||¢1z'( )”Loo(li) = 4n’,
Since 7., (z(*=%),.) may have jumps at the points t;, let

n(:s(s 3 t) — limy_yy, aéﬁn(x“ 3. 1),
325 -n+1_§l£n—l

limy_ys, 4
k 1
0, k=0,1,2, 1=4n,

Oki 1=

and define a correcting cubic spline on the intervals where x(*) is big. (In view of
the different indices ascribed to the endpoints of the intervals, we only describe
how we deal with I , ig > 0, where (%) is big. The other intervals are handled
in a similar way.) Thus, suppose z(®) jg big also in I;,_; then set

2
(3.24) Cio (x50 8) = Z()\*sioéﬁmo () + A, 055, (1)

=0
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such that
325) (@it 1) =0 and (P@ECIit) = ks, k=0,1,2.

If, on the other hand, (%) is big in I;, but small in I;,_1, then set {;, as in (3.24)
such that
(3.26)

(B @Dt 1) = —dki-1 and (O (@Cit,) = Grgo, k=10,1,2.

The existence of G, (z{*~%);-) in both above cases is guaranteed by (3.2), (3.21)
and (3.22). In fact, solving the system of linear equations (3.25) in the former
case we obtain Ay;, = 0, [ = 0,1,2, and solving equations (3.26) in the latter
case we obtain

1
Moyio = —00,i9—1 — (20) 101 40-1 — 5(271)_252,¢0—1,

-1
Aitio = —01,40-1 — (2n) 7 82,401,

Ax2dg = —0240—1-

(3.27)

In both cases
* —~1 1 -2
A,ig = 00,0 — (20)7 014, + ‘3:(2") 02,05
(3.28) Ao =010 — (20) M2,
/\;‘io = 52’1‘0.
Denote
&s,r,n(x(s“B);t) = &s,r,n(x(s's);t) + Cio(w("3);t), tel,.

Clearly &, (2(*~®;-) € C*(I). Furthermore, &}, ,(z(*~3;.) exists and is con-

tinuous except perhaps at the points 7,; of the intervals J,, and in particular it

is continuous at all points ¢;, 1 < i < n. We will show that &4, ,(z(*=%;-) is
nondecreasing on I. Indeed, it suffices to prove that &ﬁ?},n(x(8-3>; -}, which exists
a.e. in I, is nonnegative there. By our construction,
580n (@) = 0@ + €00 + (D2l 5t)
=29(t) + €5 (2 50) = () - 0{0 (2071
+ ¢ 25),
tel,.
By (3.18) and (3.20) we are guaranteed that

() + 5203) (z=;t) > 2en~T++YP ae.in I,
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Hence (3.11) yields
(3.29) &§3r)n($(s_3)§t) > 9pn~THstL/P _ ap-rtstl/p _ ||C(3)(f'3(3 3) ”L a

AL - oo ‘IO

Thus it remains to estimate the third term. Now by (3.24), (3.27) and (3.28), in
the worst case,

IE2 @D p 1) <(B0si0—1) + (20) 781,401
1 _ 3
+ 320) B0 DI1BL (M 2oty
+ (80,i0] + (21) 761,40
1 _ .
+ 320 72162,10 D198 50 ¥ (Moo 1)
_ 3
+ (161i0-1] + (20) " 02,501 DD (M2 ua )
+ (18140 + 20) 02,50 D165 10 P Ol owiry)
3
+ 102,50 -1116%% s, (Ml Lo (1)
+ 162,40 163 20 P N Lo (1) -

By virtue of (3.5) and (3.23) we obtain
(3.30)
3)
165 @5 1)

17
< 32n%(180,i0—1] + 00,3 |) + 200 (|81i0—1| + |81,50]) + gn(|52,z‘0—1| + 182,40])-

In order to estimate the jumps at t;, we observe that the original spline
0r.sn(2(~3;.) € C2(I) thus contributes nothing to the jumps. Moreover,

(3.31) Jim o®) () = 2B (ty), k=0,1,2.

Hence, if %) is big both in I;, and in I;, 41, then by (3.19),
(3.32)
010 < 165 (tio)| + 16441 (tig)] < ™ 4(r — s)2en e+ 1/p=3+ =12,

If, on the other hand, z(*) is big in I;, and small either in I; 41, or in [;;—; or in
both, then by (3.31) we have

§— !
161i0] < 29 = ol (@95 TN Lo oy + 1€ (8:0)], 1=10,1,2
or

B1i0-11 < 12C79() = 08 (@3 5 I po iz + 1€ (Big-1)],  1=0,1,2,
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respectively, or both, where J}! O I; 41 or J2 D I;,_i, respectively. By (3.16)
and again (3.19), we obtain

181,30 ], 161.50—1] < (MT3H e, + 7 12(r — 5)28)n "o +/P=3+L
which together with (3.32) yields that in all cases,
‘5;,1‘0 l, |(5z,i0_1} < (m:3+£4c* + ??2_18('[‘ - S)é)?%—y+s+l/p_3+i, 1=0,1,2.

Our choice of m, and 77 (see (3.12) and (3.15)) gives

- —341
|5l ig— 1| |5l 10| = 116 r+s+1/p + )

and combined with (3.29) and (3.30) proves that a§3r) n(zC3i) > 0,t € I, as
we have asserted.
Finally, the same computations yield

(3.33) 127D () = Gorn (@7 )| 1o, < en7THFPE,

where ¢ = c(s,7,p).
If 3 =5 < r, then we set

OsrnlX;t) 1= 6s,r,n(:c(s‘3);t), tel

If 3 < s <7, then we set

¢
Osrm(;t) 1= i:lc(k)(())t’c + —1—/ &smn(:v(s-:;); T)(t — T)s_sdr, tel.
=0 k' (3 - 3)' 0
Then
¢
z(t) — 05 rn(x;t) = ;/ (@ I(1) =Gy rn (@)t —7)*3dr, tel
‘ (s=3)Jo .

and, by (3.33),

12(:) = 0s,rn(®; ML < e _1 31 263 () = G5 pmlat® -3). oo

< cn—r+s+1/p—37
where ¢ = ¢(s, r, p). Evidently 03 ) (2;-) € C(I) and its derivative Ugff,ﬁ)(x; -} is
nondecreasing in I. Thus o,,,(2;) € A% Lg, 1 < ¢ < 00, and the upper bounds
are proved for all 3 < s <r.
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Ifs=r+1,r>2 thena""Y € A2W]. It was proved in [5] that there exists
a convex piecewise linear function o(x("~1);.) with 2n + 1 knots such that

Iz () = o1, (@)l < en”?,

where ¢ is an absolute constant. Set

— 1
Orp(23t) == Z ET:I?(k)(O)tk +
k=0 "

1
(r —2)!

which evidently satisfies o, ,(x;-) € A:_'HL,,. Then

t
/ o1a(@ i) (t = 1)y, tel,
0

&(t) = orn(it) = , /t(w”'”(f) ~oin( 7))t =) ", tel

(r—2)'Jo
Hence
1
I#0) = orn(ai M € mggplle™ 0 = an (a5, <en™
and the proof of the upper bounds is complete. ]

4. The lower bounds

Proof of the lower bounds: In order to prove the lower bound, we let

L te-1,1]
¢o(t) "‘{0, t € RN[-1,1]

and define by induction

t
Ps(t) := / ¢s—1(27 +1)dr, teR, seN
t—1

It follows that for all s € Z4, ¢, is even, ¢, > 0, ¢5(t) = 0,t € R~[-1,1],
|¢§S)(t)| = 2°71 in [-1,1] except for a few dyadic points with denominator
2-s+ and

6+(0) = ||l /¢s _9-tl geN.

For N € N, write ¢, n(t) := N™*¢,(Nt), and for

1 1
ii=——+4+—, 1=0,1,...,N,
TN.i 4+2N 1 0

™i=——>+——, t=1,..., N,
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let
Gs,N,i(t) == s N(t —TNy)y t=1,...,N, s€Zj.
Finally, for 1 < p < 00, set
Pp,s,N,i(t) = 2_s+1—1/pN1/p¢s,N,i(t), SEZLy,.
Clearly, ¢p s n,i(t) is symmetric about i i, @p,s,N,i(t) = 0, t € [Tn,i—1, TN,5], and
(A1) dponi(Fng) =2 YPNYP g ni(Fr,) = 272U/ P N e,
Also

(4.2) 1) v, =1, s€Zy.

We are ready to construct the system of vectors that will yield the lower bound.
We fix some k € N, k > 2 to be prescribed, and set

t1 ts—1
wp,rssz(t / / / ¢p’r 8,kN,k(i— 1)+1( )dts"'dtl,
v N, te[-1,1].

(4.3)

Then it is s-convex in I = [—1,1] and, by (4.2), belongs to A3 W;. Denote the
system \Ilp ok = {Yprspni() YL, and let

S ( prsk _{x—zazwp,rsszlazZO Za”<1}

be the positive p-sector over this system. Then S} (¥ prs k) C A3Wy, which
implies

dm (AW, A% Lo)p, > dm (ST (8, )y AL L)L,

4.4
( ) > 2- 1+1/(Id (S+(\IJP r.s, k) A+L1)L1’

where in the second inequality we used the facts that S;f (¥ ) C SF(¥) ),
A2 Lq C Al L1 and ”.’l?“Lq > 2” 1+l/q”x“L1-

Fix some ¢ > 0 to be prescribed and let M[* C Ly, of dimension m < N — 2,
be such that

(45) dm (S+(‘Ilp r.s, k) Ai-Ll)ld > E(S (\ij r,s, k) Mem n Ai‘Ll)Ll -
If L™+ > M™ is a subspace of L; of dim L™+ = m + 1, then it follows that

m(sl ( P78, k) AiLl) 2 E(Sl (\I/prs k) L:n+l nAiLl)Ll — €
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We take &; € LY NAS Ly, i=1,..., N, such that

1I<nza'<)5\l Hz/)p,r,s,k,N,z' - gfqi”lq < E(Si’-(‘yé\{r,s,k)v L:n+1 N Aj-Ll)Ll +e,

and extend them by £.,(t) =0,¢t € R~NI,4i=1,...,N, in order to define the

Steklov mean

n n
gs,n,e,i(t) = n—s—l/ / Ee,’i(t‘i‘tl+“‘+ts+1)dts+1"'dtlv
0 0
teR, i=1,...,N.

It is well known that &, ; € C*(R), and
n
€0 (1) =y /0 Altit+7)dr, te[-7/8,7/8), i=1...N.

We conclude that 552,6’1-, 1 <4 < N, is continuous and nonnegative in [~ £, I],

and 553,,_ 61)1, 1 <4< N, is continuous and nondecreasing there. Also

nl—lmo 1ei ~ EsmeillLymy =0, i=1,...,N.

Thus we fix 0 < 5 < (8(s+ 1))}, so that

(B l€ei = EomeillLim) < €

and it follows that

(4.6) 121;?%\! Np,r,0,6,N,0 = EomeillL, < E(Sif-(\llﬁr,s,k)v L:n+1 NAL L)L, + 26

Let {C;}724" be a basis of L7+ and extend (. ;(t) =0,t € RN, j =1,..,,
m + 1. Again, let

n n
Cs.n,e,j(t) = 1’]—8—1/ / Ceyj(t‘f'tl +"‘+t3+1)dts+1"'dt1,
0 0
teR, j=1,....m+1,

and denote their span by L™Fl. Also, let A, D*"!L™! denote the set of all

e 8,1,
elements £ € L™F! such that £~ is continuous and nondecreasing in [—3, I].
It follows from the above that &, . ; € Ay D*~'L7HL. Therefore (4.6) implies

E(SH(TY,  p) LTI N AL L),

(4 7) P18,k
2 E(Silh(\p;\:r,s,k% A+DS_ILZ,17—;:61)L1[—%,%] — 2,
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and we will show that for an appropriate k,

s—1
(48) (S+(\I/prsk) A+D L 8,7, c)Ll[—— |
> (23 24s _ 28_9)C(p, T, S)(kN) —r+s+1/p—3
Indeed, by virtue of (4.1) and (4.3) we obtain, for eachi=1,..., N,

t
d’;f;sl,)k,zv,i(t) : =/ Ppr—s,4kN,ak(i—1)+1 (s )dts
-1
= c(p,r, s)(kN)T"HFYP=10 4> oy k141
where

( ) = 21=1/p s=r,
ap,r,8) = 2—27‘+23+2—1/p s < r

Set

1 —r - - -
Xp.rs. N, (t) = (s — 1),0(17» 7y 8) (kIN) TP (¢ — ThNk(i-1)+1)F !
Then

1 1
X;)Sr s)k Nz( ) = 1/;srs)k Nz( )o t<Tenk(i-1) and > TN k(i—1)+15

while for ¢ € (TN k(i=1)+1> TkN,k(i—1)+1), it follows from (4.1) that

XS Dena®) = WS (0 < elp, 1) (RNY VP (nn 41 ~ 1),

Finally, by the symmetry of @, s kN k(i—1)+1 about Tyn k(i—1)41. it is readily
seen that

1 - -1 —
X;sr et = Tenrti=n+1) = Voo a ke na(t = Tene(ic1)+1)

1 = -1 —
(X;fr s)k N~ TN k(i-1)41) — wz(:r,s,)k,N,i(_t + ThN k(i=1)+1))-

The last two relations imply that x;fr f)k ni(t) = zpz(,frf wnit) =0, if t <
TeN k(i—1) and if ¢ > TN k(i—1)41, and this in turn yields

1
3 — —
“wl’?r s)lc N, X;;,r 8,k,N, z”Loo(R) 3 c(p, T 8)(kN) reti/p 3'

Hence, we have fori =1,..., N,

7 _ -
1¥p,r,s.k.N.6 = Xpyrys b Nill £y - 2,7) < <Z) c(p, 7, 8)(kN)~"He+1/p=3

< 2%~ (p,r sHkN)~ r+s+1/p=3
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If X\ ok = {X\prsk.Ni}iey, then the above implies that

(S+(\Ilp'rsk) A+Ds_1L;n;:)L1[—%,%]
>E(S (Xprsk) A+Ds IL;n;-el) L[~ %v%]*23_90(13\7',8)(kN)_T+s+1/p_3,

Thus (4.8) follows if we show that for an appropriate k,

(4‘9) E(S (\prsk) A+Ds 1Lm+1) L-L.I] > 98 +Sc(p, r, S)(kN)_T+8+1/p_3.

8,1.€
To this end, we first prove that
_ N — —
E(ds 15?(Xp,r,s,k)’ds 1A+Ds IL?;:«SI)Ll[—%,%]

(4.10)
> 274 (k = 1)c(p, r,s) (kN) "7 HeF1/P=2,

where for a subset 7 C X we use the notation
U = {27V |z € U}

Indeed, let Iy n; := [Tun k(i—1)41> TkNka)s ¢ = 1,..., N and define the discretiza-
tion operator Ag v : L1 D x — Apnr €1 by

Ap = (/Ik'Nla:(t)dt,...,/Ik.N‘N x(t)dt).

Then it is easy to see that

Ak vzl < llzllz,-1.1)-

Hence
E(ds_lsr(xgr,s,k) d’~ IA D= 1L;n‘r—7'_e)L1[—l l]
(4.11) > B(Ar Nd® T ST (0 ) g ) Ak nd* T AL D™ 1L;”,,+g)
> din1 (Ae, N ST (DI g ) AL )i s
since

Apnd® ' ALD I C AL C RV,

where Al is defined in Lemma D with n replaced by N.
Now

Ak,NXI‘j;j}k’NJ =2"Yk = De(p, 7, s)(kN)THs+1/P=20) =1 .. N,
where ¢ are the N-tuples from (4.4) (with n replaced by N). Hence

A vd* T SE (0 k) = 271k = De(por. ) (kN) /P26 H(EN),
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where EN := {§®}N . Therefore

(4 12) dm+1(Ak,Nds_ISi’-(X;Io\:r,s,k)ﬂ A-li-)lf’
‘ = 27" (k — De(p, 7, 8)(kN) "+ +/P=2q (SHEN)), AL ).

For m < N — 2, it follows by Lemma D that
dnt1(ST(EN)), AL )iy > 1/8,

and combining with (4.11) we obtain (4.10).
Now, by (4.10) there exists an 1 < ¢g < N so that

> 274 (k = De(p,r, ) (kN) THH/P2,

-1 _
”Xi:r,s,)k,N,io - 6(8 1)”[,1[_

1.4
11l

for all £ € A+DS_1Lm+1 Denote I, := [—— + TN k(io—1)+1s TkN k(io—1)+1 T ]

8,M,€"
Then for each £ € Ay D*~1L74FL,
(4'13) I|X1(:;311)kaN7iO - é.(3_1)HL1(I£0) 2 2_4(’6 - 1)C(p7 T, S)(kN)_r+s+1/p_2.

Recall that £(=1 s continuous and nondecreasing in [~%, ], thus in I, C
(-3 e 4] So if

(4.14) 0 < E4D(1) < e(p, 7, s)(EN)~rFs+/P-1 0 e, |

then we may apply Corollary 1 (with s replaced by s —1) with 7 = Ty n k(ig—1)+1,
b=c(p,r,s)(kN)~T+s+1/P=1 g = 1 and A = 274(k—1)c(p, 1, s)(kN) T +s+1/p=2,
to obtain

X5, 850 — EllLy (1) 2 27" 73 710(k — 1)2c(p, 1, 5)(kN) TR,
We conclude that
2 —_ —
(415) ”Xp,r,s,k,N,io - £||L1[—§,§] >27° _53._10(]‘: - l)zc(pv Ty S)(kN) rhetl/p 3'

If (4.14) does not hold, then we may have that

1
€07 (=3 + T btotyat) € —27 CNelpur, ) (bN) T+,
or
€7D (Tenktio-141 +1/2) 2 (1+ 271 ON")e(p,r, s) (kN) T4/~

for some C > 0, to be prescribed. In view of the monotonicity of £~ in [-Z, Z],
we have

X kN () = €970(@)] 2 27 CN2e(p, 7, 8) (kN)TTHH/PL b e U,
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where Jo = [—%, —3] in the former case and Jo = (§, Z] in the latter. Lemma 1

then implies the existence of a J,_; C Jo, of length |J;_;| > 272~ such that
|Xp,r.s,k,N,io (t) - f(t)l > 2_32‘28—101\7_20(?, T, 3)(kN)—T+s+1/p_1 te Js—lv
which in turn yields
_— 2_ —_ — — pu—
| Xpyr,s0k, Voo — Elly(aesy = 27° “#T2CN"2¢(p, 1, 8) (kN) "o/l
We conclude that in either case

p— 2—. —
(416)  lIxprskNio = Ellpy-2,2) 2277 15=2Ck2c(p, r, ) (kN) " HeF+1/P=3,

—2_ICN"2C(]),7‘, )(LN) r+s+1/p— 1<€(s 1) )

< (14 27'CN~)e(p,r,s)(kN)~THs+1/p-1,

)(k

Otherwise, again due to the monotonicity of £~V in [-Z, Z], we have
4.17) '
te

L,

Denote
Com1(t) := (1+ CN") 1=V (4) + 27 1ON2¢(p, r, s) (kN) T He+1/p= 1y,
and it readily follows by (4.17) that 0 < (e_y(t) < e(p,7,8)(EN)~"+s+1/p=1
t € I;,. Also, by virtue of (4.13),
(4.18)
“’(S;sl)k Njio — Cs—1||L1(1,0)
_||x,(:r ok Nio = €Ly gy = 11E9™Y = Catllnaarg)
>274(k = Ve(p,r, ) (kN) T7HFVP=2 — |66 — (i lea,,) Mol
>27%(k — De(p, 1, §)(kN) " Fet1/p=2
—(1+ CN‘Q)’lCN‘z(H{(S‘U||C(1i0) + 2—Ic(p’ T s)(kN)-r+s+1/p—1)
>274(k — 1)e(p, r, s)(kN)~THe+1/p=2
— (14 CN"3)"ICN"2(1 4+ 27'CN~2 + 27 Y)e(p, r, s)(kN) "+ +1/p—1
>274k — De(p,r, 8)(kN)~THe+Y/P=2 _ 20N =2¢(p, r, s)(kN)~"+s+1/p~1
=27~ (k - 1) = 2CN)e(p, r, s)(kN)~"Hst /=1 N1,
(Observe that N > 3 and k > 2, so taking C < 27° guarantees that the last
quantity is positive.) Set

$—2
() = Frniio—1y+1)(E = Tenktia—1)41)"
v=0
1

t
+ ——/ Comt(T)(t — 7)° 2.
(8 - 2)' ThN, k(20— 1)+1 ’
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Then we note that (¢~ = (,_; is nondecreasing in I;,, so applying Corollary
1 (with s replaced by s — 1) for 7 = TN k(ig—1)+1, 0 = c(p, 7, ) (kN)~THe+1/P—1
A= (27*%"1(k—1)—2CN"Ye(p,r, s)(kN)~"+s+1/P~IN~1 and a = 1 we obtain
(4.19)

1Xp.r,s.6,8,00 —CllLy (1) 2 2710k 125 CRN 1) 2e(p, 1, 5) (kN) T HOHI/P3,

Now, by Taylor’s formula we have

1 t
¢(t) —&(t) = (;_—2),/ (Co-1(r) = €Dt - 7)*72dr, t €I,
SV TENk(1g—1)+1

Hence, as in (4.18),

—s+1

1€ =€,y < 16s=1 — €47 Vi)

s!
2—s+2

< CN~%c(p,r,s)(kN)~T+s+1/p=1
B 2_3+2C’k2c( LN)~THe+1/p—3
- 8! b, T, S)( ) I

which by (4.19) yields

“XP»”\SJ‘?,NJ'O - §||L1(1z0)

> |Ixp,rys,6,N,00 = CllLyrig) — 1€ = €l

> 2—32—53—10((k 11— 25CkN_1)2 _ 232+43+120k2)c(p, r, s)(kN)—r+s+1/p—3‘
So we conclude that

(4.20)
“Xp,r,s,k.N.io - £”L1 _%,%]

> 2—32—53—10((k _1_ ZSCkN—1)2 _ 232+43+120k2)c(p, r, 8)(kN)_T+S+1/p—3.
If we take

e(s,k,C) 1= min{2™ "3~ 10(k — 1)2 9~5"~4s-202,
2—52—53—10((’:€ 1= 250kN_1)2 _ 232+4S+12Ck2)}

then by combining (4.15), (4.16) and (4.20) we have, for each £ € Ay DS~ LT+1

8,7,€,°

z 11 > ¢(s, k,C)e(p, 7, 8)(kN)THe+/P=3,

88

”Xp,r.s,k:,N,io - €“L1[—

Now, straightforward computations show that if we take C := 275" ~%s=14 then
c(s,k,C) > 272k2, so that taking k = 2°°+35+6 yields (4.9), and in turn proves
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(4.8). By virtue of (4.4) through (4.7) we conclude that

(AW AS L)1
> 2—1+1/q(232+s _ 23-9)2(32+33+6)(——r+s+1/p-—3)c(p’ r S)N—r+s+1/p—3 — 3¢,

for every € > 0, whence without € too, and for m = n, N = n 4+ 3, we obtain

—r+s+1/p-3
k]

dn(AiVV;, AiLg)L, > cn

q

where ¢ = ¢(r, s,p,q) > 0. This completes the proof of the lower bounds in (1.1)
fors=3,...,r.

For s = r + 1, we observe that the lower bounds in (1.2) are independent of
1 < p < o0, so it suffices to establish them for the smallest class, namely, for
A:HW(;, since A:_“Wgo C A’:“lW;,", 1 < p < 00. We also note that

1 _ .
Xoo,rk N,i(t) = ﬁ(t — Tenk(i-1)+1) s t=1,...,N

is differentiable » times and Xoo,rk N € Af’le’o, 1 <7< N. Thus we do
not need the elaborate construction we had before and can work directly with
oo,k Nois 1 < & < N. Therefore, if we denote XX := {Xoork N,i}iey, then
SfL(XéVo,r,k) C ATP'WZ,. Using the discretization operator Ay, v, defined above,
we prove as before (see (4.12)) that

A1 (ArNd ST (YR ), A1)y = 270 (k = DEN " dpn 1 (ST (EN)), AL
> 274k - 1)kN"L.
Then, we proceed as before to conclude that

do (AW, AL L)L, > en™?,

where ¢ = ¢(r, ¢) > 0. This completes the proof of the lower bound in (1.2), and
concludes the proof of our theorem. |
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